Global controllability of Boussinesq flows by using
only a temperature control
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Abstract

We show that buoyancy driven flows can be steered in an arbitrary time
towards any state by applying as control only an external temperature profile in a
subset of small measure. More specifically, we prove that the 2D incompressible
Boussinesq system on the torus is globally approximately controllable via
physically localized heating or cooling. In addition, our controls have an explicitly
prescribed structure; even without such structural requirements, large data
controllability results for Boussinesq flows driven merely by a physically localized
temperature profile were so far unknown. The presented method exploits various
connections between the model’s underlying transport-, coupling-, and scaling
mechanisms.
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1 Introduction

We demonstrate the global approximate controllability of incompressible buoyancy-
driven flows regulated only by a physically localized temperature control; “global”
means in this context that the initial and target profiles might be far apart from each
other in the state space. The considered incompressible Boussinesq system is relevant
to the study of, e.g., geophysical phenomena and Rayleigh-Bénard convection, and it
also serves applications involving heating and ventilation (cf. [1, 14,23]). In particular,
it is desirable to uncover coupling mechanisms that facilitate the controllability of

*NYU-ECNU Institute of Mathematical Sciences at NYU Shanghai, 3663 Zhongshan Road North,
Shanghai, 200062, China, e-mail: Vahagn.Nersesyan@nyu.edu
TNYU-ECNU Institute of Mathematical Sciences at NYU Shanghai, 3663 Zhongshan Road North,

Shanghai, 200062, China, e-mail: Manuel.Rissel@nyu.edu


mailto:vahagn.nersesyan@nyu.edu
mailto:Manuel.Rissel@nyu.edu

nonlinear fluids merely via regionally applied heating/cooling, without imposing
smallness constraints on the data. This can matter from practical perspectives and
provides deeper theoretical insights regarding the mathematical model itself. But
despite the variety of motivations, all available controllability results for the Boussinesq
equations steered only by a temperature control have been limited to small perturbations
of linear dynamics in 2D; see Section 1.5 for bibliographical remarks. In this article,
contrasting the existing literature, a truly global controllability problem for the
nonlinear Boussinesq system is tackled; the present approach even allows to fix the
control’s structure in terms of a small finite number of universal physically localized
profiles. Our proof features geometric arguments, a multi-stage scaling procedure, and
the notion of transported Fourier modes from [20].

1.1 The main controllability problem

Let T > 0 and assume that the gravitational field is given by egray := [0,1]". The
state of a viscous incompressible fluid in T? := R?>/277Z? is then described by means
of its 2x-periodic velocity, temperature, and exerted pressure; respectively,

u:T>x[0,T] — R?, 6:T>x[0,T] — R, p:T*x[0,T] — R,
which are governed by the Boussinesq system

atu_VAu+(u'V)u"'vpzaegrav"'q’ext, V'u:Oa u('ao)zuo’

1.1
ate - TAQ + (u ' V)e = I[(DT] + lybeXt’ 0(’ 0) = 00’ ( )

where v > 0 is the viscosity and 7 > 0 denotes the thermal diffusivity. Moreover,
the functions @y and Yy represent given external forces, which are assumed to be
average-free for simplicity. A distinguished role is played by the unknown profile
in (1.1); it will act as the control and shall be localized in an arbitrarily thin horizontal
strip (cf. Figure 1)

®:=Tx(a,b), 0<a<b<2n.

Given any initial states (ug, 0), target states (ur, 67), control time 7 > 0, and
approximation error € > 0, we show (cf. Theorem 1.2) that there exists a temperature
control 7 supported in ® such that the corresponding solution (#, 8) to (1.1) approaches
the target at time ¢ = T with respect to a Sobolev norm || - ||; that is,

(. T) —ur| +16C,T) - 07l <e&. (1.2)

1.2 More degenerate controllability problems

Our goal described above will be achieved as by-product of studying a more degenerate
situation. Hereto, let us consider the Boussinesq problem with an additional control
acting parallel to gravitation on the velocity; namely,

Ou—vAu +(u-V)u + Vp = (0 +]Iwﬁ)egrav + Dy, V-u=0, u(-,0)=uo,

aIQ—TAH'F(u 'V)Qzﬂmn"'d/exta 9(,0) :90‘
(1.3)
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Figure 1: The control region o C T2 is any open horizontal strip and egray points vertically.

We shall obtain controls r and 7 that are supported in ®, composed of a few universal
profiles, and ensure for the respective solution to (1.3) the property

(. T) —ur| +16C,T) - 07l < &. (1.4)

In other words, we are going to describe a small number of universally fixed pro-
files (actuators) £1,..., 0 € L?((0,1);C*(T%;R)) that vanish outside ® and are
independent of all imposed data — except the control region ® — such that

6
G0 = nOGEy©), T, =700 (x), (1.5)
=1

where the unknown parameters v,7%, v1, ..., ¥s € L>((0,T);R) resemble the actual
controls; we call this type of control “finitely decomposable”.

Notably — when one varies the initial and target states, the viscosity, the thermal
diffusivity, the external forces, or the error — the profiles {i, ..., {s in (1.5) remain
unchanged. Thus, solving the controllability problem (1.3)-(1.4) means determin-
ing y,¥1,...,%e, and vy such that the solution to (1.3) obeys (1.4). In fact, y will be
smooth with supp(y) c (0,7T), and it shall be possible to take ¢; and ¢, as single
variable functions satisfying {, = {{. Further, as detailed in Section 3.3, one may,
by means of the transformation 6(xy,x2,t) + 6(x1, x2,t) +y(¢){1(x2), interchange
the controls in (1.5) with 7 = 0 and a finitely decomposable temperature control plus
explicit feedback term; that is,

n(x1,x2,1) = (¥ (1) +y1(0)) {1(x2) + (Y (D u(x1,x2,1) - €gray + ¥2(1)) {2(x2)
6
— TV (x2) + D (1,2, v (D)), (1.6)
=3

n(x1,x2,1) =0,

noting that n could in (1.3) be replaced by a smooth approximation of n while
maintaining (1.4). In (1.6), the map u +— y{ou - e,y can be viewed as an explicitly



given linear feedback law for the universally given actuator £, which is independent
of the imposed data. The main controllability problem described in Section 1.1, where
only a physically localized temperature control is employed, is solved by finding a
control 7 of the form stated in (1.6) for the Boussinesq problem (1.3).

Remark 1.1. As a side-note (cf: Remark 3.8), when allowing a non-localized spatially
constant profile in the temperature control, we can also ensure (1.2) by using merely
a finitely decomposable temperature control; i.e., replacing Ion(x,?) in (1.1) by

Y+ Lo (04, y(1) + - +76(1) L6 (x, 7 (1))

While the physical localization of one actuator (which is here a constant function) is
lost in that case, achieving such a representation still extends considerably the existing
literature on degenerate controls for incompressible fluids.

Another interest of our work is to relax a topological constraint previously imposed
on the control region in [20], where the two-dimensional Navier—Stokes system with
physically localized finitely decomposable controls is considered. There, in order to
act on the velocity-average, the control zone is required to contain two cuts rendering
the torus simply-connected (e.g., the union of two strips with linearly independent
direction vectors). In the present article, by exploiting the buoyant force, coupling the
velocity and temperature in the momentum equation, we are able to take @ merely
as a horizontal strip. This observation indicates that heat effects in the mathematical
model might improve certain controllability properties.

1.3 Notations

Given any integer m > 0, several basic L2-based Sobolev spaces of average-free

functions and divergence-free vector fields are denoted by

Hayg = {f e L*(T%R) | /f(x)dx =0}, Hyy = {f e L*(T%:R?) | V- f =0},
TZ

V™ = H"(T?*;R?) N Hgy, H™ = V™ N H?

avg’

H™ := H"(T% R) N Hayg,

endowed with the norms

b= [ > 010 1B - llo = either [+ llzgeeimy or Il iz rosee).
|la|<m

and the Lebesgue measure on the torus is assumed normalized: fr» dx = 1. The
symbol O refers to the Landau-big-O notation. If not specified otherwise, constants of
the form C > 0 are unessential and their values may vary during estimates.

1.4 Main results

Throughout, we shall employ a universally fixed collection of so-called transported
Fourier modes 1, ..., € L?((0,1);C®(T%R)) as the building blocks for the
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controls described in (1.5); they shall be determined during the proof of Theorem 2.7
in a way only depending on ® (Figure 2), and their name is due to the involved
composition of usual Fourier modes with certain flow maps. More specifically, (cf. (2.7)
and (2.20))

{01 Lo = DX YU {0 > X UY(x,1,1),1,0(1))) | L € M},
where

e M = {x > sin(x1), x > cos(xy), x — sin(xz), x +> cos(x2)},

* Y and U are the flows of incompressible vector fields from Section 2.1,

e 0:[0,1] — [0, 1] is the function defined in (2.19),

* x — y(x7) is a smooth cutoff supported in ® introduced in Section 2.1.

Construct Selecty > 0.7 > 0 i 7
Fix o C Tz { ( T > 0, E > 0, (I)ext, Wext, Obtain YoIVVIoLLED U
Sl -+ 56 states (o, 0o), (ur, 1)

Figure 2: The order in which the building blocks for our control force are chosen.

The global approximate controllability of (1.1) by means of a physically localized
temperature control is now stated as follows; its proof is concluded in Section 3.3.

Theorem 1.2. Let the integer r > 0, viscosity v > 0, diffusivity T > 0, control
time T > O, initial and target states ug,ur € H", 09,07 € H", external forces
(@exi, Yext) € L2((0, T); HMXr2} 5 Hmax{r2Yy - and the approximation error & > 0
be fixed. There exists a control n € C®([0,T];C*(T?;R)) with supp(n) C o such
that the unique solution

u € C°([0,T]; V') N L*((0,7); V',
6 € C°([0, T]: H'(T%R)) NL*((0,7); H™(T% R))
to the Boussinesq problem (1.1) satisfies
lu(.T) —urll, +16¢.T) - 07|l <e&. (1.7)

The proof of Theorem 1.2 is a consequence of the following result on the global
approximate controllability of the Boussinesq system via physically localized finitely
decomposable controls; both theorems are proved in Section 3.3.

Theorem 1.3. Under the same assumptions as in Theorem 1.2, there exist control
parameters y,¥,y1, . ..,vs € L*((0,T);R) such that the unique solution

u € CY[0,T]; V") NL2((0,T); V"*),
0 € CO([0,T]; H (T2 R)) N L2((0,T); H*' (T2, R))

to the problem (1.3) with n and 11 of the form (1.5) (or (1.6)) satisfies (1.7).



1.5 Related literature and outline

The recent decades have seen various studies concerned with controllability properties
of fluids exhibiting Boussinesq heat effects. A natural question — which remains in
most respects widely open — is whether these systems can be steered to a desired
state by merely applying external cooling or heating in a possibly small subset of the
domain. Let us subdivide previous research in that or related directions into three
categories.

1) When the controls enter all the evolution equations (or boundary conditions)
for the velocity and the temperature, there exists a rich body of literature. For
instance, several authors have invoked linearization techniques and then studied the
controllability of linear problems; e.g., see [13, 15] and the references therein, where
duality arguments, Carleman estimates, and local inversion theorems play crucial
roles. But, due to the nonlinear effects, the aforementioned results require initial and
target profiles that are sufficiently close in the state space. As a way to remove such
smallness constraints, hence to achieve global controllability properties, it was shown
that Coron’s return method (cf. [8]) can be applied: e.g., in [6, 12, 13] for both viscous
and inviscid Boussinesq systems. In this context, one should also name a famous
open problem posed by J.-L. Lions on the global approximate controllability of the
Navier—Stokes equations, in bounded 2D and 3D domains, with the no-slip boundary
condition (cf. [10, 17]).

2) When the controls only act in few components of the considered system,
less is known regarding its controllability. For the three-dimensional Navier—Stokes
equations with the no-slip boundary condition, the work [9] demonstrates the local
exact null controllability with controls vanishing in two components; even in periodic
domains, and for 2D configurations, the global exact null controllability through few
components in fixed time 7" > 0 is an open problem (see also the bibliography of [9]
for related results). For the Boussinesq system in N dimensions (N > 2), the local
exact controllability to certain trajectories has been shown by using controls that act
only in N — 1 directions, e.g., in [5,11,18].

3) Another important class of controls are those resembling finite combinations of
fixed actuators. For the Navier—Stokes equations, finite-dimensional controls can be
constructed via the Agrachev-Sarychev method [3] and its refinements, for instance,
as provided in [19,21]. However, in these references, the controls are not physically
localized (they act everywhere in the torus); whether their localization in space is
possible constitutes an open problem due to Agrachev [2]. To achieve also physical
localization, we replaced in [20] the notion of finite-dimensional controls by that of
finitely decomposable ones, where some of the universally fixed actuators depend on
time. Here, as a byproduct, we extend these results to the 2D Boussinesq system. By
exploiting the temperature coupling, this leads now to additional improvements such as
reduced constraints on the control region (in [20], the controls are not supported in a
horizontal strip) and the possibility of using in the velocity equation a one-dimensional
control with one vanishing component.

This article contributes a first global (large data) controllability result for the



Boussinesq system via physically localized controls acting only in the temperature.
Even more, the controls can be chosen finitely decomposable (of the type (1.5))
if one admits a one-dimensional control in the second component of the velocity
problem. But, up to an explicit feedback supported in w, we can also steer the system
merely with a physically localized and finitely decomposable temperature control
(cf. (1.6)). Moreover, we allow prescribed external forces in the right-hand sides of
the Boussinesq problem. The main ingredients of our approach are as follows.

a) A multi-stage scaling procedure that combines two mechanisms: i) controlling
the fluid’s vorticity, but ignoring the temperature; ii) steering the temperature without
influencing the vorticity much. To this end, we develop ideas from [4,20], and also
involve a version of Coron’s return method and hydrodynamic scaling from [7].

b) The physical localization of {1, ..., {s is achieved via careful rearrangements
of integrals that represent solutions to transport equations; in that way, we further
develop several of our ideas from [20].

Outline of the paper. As described in Section 3, the proofs of Theorems 1.2 and 1.3
reduce to controlling the vorticity, the temperature, and the average velocity. These
sub-goals are achieved by means of the following main steps (c¢f. Figure 3). A)
The temperature can be controlled without significantly changing the vorticity; see
Theorem 3.3. Hereto, preliminary constructions are presented in Section 2.1, finitely
decomposable controls (possibly supported everywhere) are obtained in Section 2.2
for linear equations, a localization procedure is carried out in Section 2.3, and a
hydrodynamic scaling is discussed in Section 3.1. B) As stated in Theorem 3.4, the
vorticity can be controlled through well-prepared initial conditions. C) The previous
arguments are put together in Theorem 3.7 for the vorticity-temperature formulation,
and in Section 3.3 for the velocity-temperature problem.

Theorems 1.2 and 1.3

(Main results)
Proofs: Section 3.3

Theorem 3.7

(Controlling vorticity and temperature in arbitrary time)
Proof: Section 3.2

(Large initial data control, short time)
Proof: Section 3.2

(Large additive control, short time)

Theorem 3.3 Theorem 3.4
Proof: Section 3.1

(Localized control for linear problem)

Theorem 2.7
Proof: Section 2.3

Figure 3: Subdivision of the proofs for Theorems 1.2 and 1.3.

2 Controls for linear transport type problems

This section concerns linear transport problems driven by finitely decomposable
controls. We first obtain controls supported in T2, then further localize them in ®.



2.1 Preliminary constructions

This section aims to collect several technical definitions that are required subsequently.

2.1.1 Partition of the torus

Select 0 < H; < Hp < 2m in a way that T X [H{, H;] C ®. Then, a number K € N is

chosen such that
81 < H, — Hy

T 3K 3

As illustrated in Figure 4, the torus T2 may thus be covered by a family of overlapping
strips (Oj)ieq1,...,
the reference strip

lKI

k} having fixed overlap length /x /4 and being translated copies of

0 =Tx (H1 + Ik, Hi +21K) C w.
For definiteness, let us take

3(i- Dig 3(i-1)ig

0;, =Tx S
! 4 4

+lx|, ie{l,...,K}.

On this basis, a reference cutoff function y € C®(T?; [0, 1]) with supp(y) c O is
specified via

x(x) = x(x2) = p(xy = Hi = Ig), x = [x1,:]" € T, 2.1
where u € C*(T; [0, 1]) satisfies

supp(r) € (0,1x),  Vx € (0,1x/4): p(x) + p(x + 3l /4) = 1,

2.2)
u(s) =1 & se[lx/4,31x/4].

2.1.2 Convection strategy

For the purpose of localizing in Section 2.3 certain controls for linear transport
problems in the control zone ®, a spatially constant vector field is now constructed so
that all its associated integral curves pass through o in a specific way. This profile will
enable us later to utilize Coron’s return method (cf. [8]); we already introduced similar
constructions in [20]. To begin with, the reference time interval [0, 1] is equidistantly
partitioned into subintervals of length 7% > 0 by means of

0<<th<ty <tl<i<ii<iz<- <tf<if <<, (2.3)
where 10 = 1!, — 1l =4l —fl =4l — i = 11K =T*forallie{1,...,K}.

c

Theorem 2.1. There exists a function t — y(t) = [0,y,(1)] € CF((0, 1); R?) that
satisfies together with its flow M, which is obtained by solving

%(x, s, 0)=y(t), M(x,s,s)=x, 2.4)

the three properties listed below.



Figure 4: An exemplary open covering of T2 by K = 6 overlapping strips Oq, ..., Og, the boundaries
of which are in an alternating way depicted as solid, dashed, and dotted lines. The overlapping region
due to vertical periodicity is highlighted by a dotted pattern. The reference strip O contained inside the
control region is displayed as a (red) filled rectangle.

s Supported in [12,t5]: vt € [0,2] U [tK,1]: y(r) = 0.
* Closed integral curves: Vx € T?: Y(x,0,1) = x.
e Stationary visits of O: Vi € {1,...,K}, Vt € [t;,tf)]: Y(0;,0,t) = 0.

Proof. The argument goes along the lines of [20, Theorem 3.3]. First, a collection of
functions (B;)ie(1,...xy € Cg((0,T4);R) is chosen in a way that

TA

O; + €grav Bi(s)ds = 0.
0

Subsequently, for any i € {1,..., K}, a profile k; € C7((0, 3T%); R?) is piece-wise
defined by means of

Bi(t)egray if 1 € [0,T%],
hi(H) =10 if t € (TA,27%),
—Bi(t = 2T )egry if t € [2T%,3T2].
Finally, after integrating (2.4), it follows that the profile
5(6) = if 1€ 0,221 U [, 1],
Y- hi(t—3i—2)T?) ifte (7', ¢) forie{l,...,K}

satisfies the desired properties. O

2.1.3 A generating vector field

Let us setup some terminology that will be required later in Section 2.2. A key
ingredient is the following observability notion, which has been introduced in [16] for
the study of mixing properties of randomly forced PDEs.



Definition 2.2. Given any 7 > 0 and n € N, a family (¢;) e
is said to be observable if

ny CL2((0,T);R)

.....

V1 € {subintervals of (0,7)}, V (a;);eq1

n

2y € CHELR), Vb e COU(LR):

.....

b+ > ajp;=0inL*(LR) = Vrel:b(t)=ai(t)=--=ay(t)=0.

j=1

Remark 2.3. Observable families in the sense of Definition 2.2 can be constructed in
an explicit way; e.g., see [19, Section 3.3] or [20] for more details.

Let (¢1)ieq1,....4y C L%((0,1);R) be observable, and take ¢ € C!([0, 1];R) such
that ¢(¢) = 0 if and only if r = 1. Furthermore, define the family

Then, a “generating” divergence-free vector field # € W!2((0, 1); C*(T?;R?)) is
given via (cf. [20, Section 3.4])

Y1 (2) sin(xz) + ¢2 (1) cos(x2)
Y3 (t) sin(xy) + ¢4 (1) cos(xy)

u(x,t) =

’

and its flow U solves
d
W x50 =w( U500, Uss) =x.

Here, the term “generating” expresses that such vector fields are able to induce all
desired directions via finite-dimensional controls, as demonstrated in, e.g., [19,20].

2.2 Degenerate non-localized controls

Let y with flow Y and u with flow U be as introduced in Sections 2.1.2 and 2.1.3,
respectively. To begin with, we state the following result whose proof is straightforward.

Lemma 2.4. Given m € N and b € C°([0, 1]; C"™(T?;R?)), the linear operator which
associates to any prescribed force g € L*((0,1); H"(T%;R)) the unique solution
v e CO([0,1]; H™(T%;R)) to the transport equation

ov+(b-Viv=g, v(-,00=0
maps continuously from L>((0, 1); H™(T2;R)) to C°([0, 1]; H™(T?;R)).

Next, a recent result from [20] is recalled concerning finite-dimensional controls

for linear transport equations with a generating drift as defined above in Section 2.1.3.

Hereby, as already anticipated in Section 1.4, we denote the four-dimensional function
space

Ho = spang M, M = {sin(x;), cos(x;), sin(xz), cos(x2)}. 2.5)
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The following theorem can be verified by adopting [19, Section 2.3] (written there for
3D) to the 2D case; see [20] for specific details. Hereby, if desired, the control can be
selected in continuous dependence on (vy, 01) following a compactness argument as
explained in [19, Proof of Theorem 2.3] or [16, Proposition 2.6].

Theorem 2.5. Given any m € N, z; € H™, and € > 0, there exists g € L>((0,1); Ho)
such that the unique solution z € C°([0, 1]; H™) n WH2((0, 1); H™1) to the linear
transport problem
Oz+m-V)z=g, z2(0)=0 (2.6)
obeys
z( 1) = z1llm < &.
In addition, given a bounded subset B C H™, there exists a continuous linear

operator Cy which assigns to each z; € B a control g € L>((0,T); Hoy) such that the
corresponding solution 7 to (2.6) satisfies ||z(-, 1) — z1||m-1 < &.

Now, we consider a linearized Boussinesq system driven by degenerate controls
that are potentially supported everywhere in T2. To prepare the localization procedure
carried out later in Section 2.3, convection will now be realized along y, and a finite
family of transported Fourier modes {Zh ey 24} c L2((0,1); C®(T?%;R)) shall be
involved instead of Hj; namely, we enumerate

(@ ly = {0 o QU L), 1,0) | L e ). @.7)
The definition in (2.7) is motivated by the proof of the following theorem.

Theorem 2.6. For any m € N, 6, € H’"(TZ;R), and € > 0, there exist control
parameters i, . ..,Q4 € Lz((O, 1); R) such that the unique solution

6 € C°([0, 1]:H™(T%R)) n W'2((0, 1): H"~(T*R))
to the linear problem
4 —_—~
00+ (- V0=g:= > alt, 6(-0)=0 (2.8)

=1

obeys
10(-.1) = 6illm < & (2.9)

and the control’s space-time average vanishes:

1
/ / g(x,s)dxds =0. (2.10)
0 T2
Moreover, given a bounded subset B c H™(T2;R), there exists a continuous linear
operator assigning to each 01 € B a choice of ay,...,a4 € LZ((O, 1);R) such that

the solution 0 to (2.8) satisfies ||0(-, 1) — 01||n-1 < &.

11



Proof. By resorting to Theorem 2.5, we select g € L?((0,1); Hy) verifying the
controllability problem

0+ @-V)0=g, 6(-.00=0, [6(,1)=0n<e.

If B ¢ H™(T?;R) is bounded with 6; € B, we can assume that g is the image
of 6, under a bounded linear operator C., as provided by Theorem 2.5. Since y is
given by Theorem 2.1, and the associated flow Y is, like U, volume preserving, the
functions

0(x,t) = /Otg(y(x,t, s),s)ds, g(x,1) =g(UM(x,t,1),1,1),1)

obey
at9+(yv)9:g’ 9(’0) :0a 9(71) 25(,1),
and it holds
[e-Dx9ax=o0
Tz
for almost all s € [0, 1]. m|

2.3 Localized temperature controls

The control obtained via Theorem 2.6 is now transformed into one that is physically
localized in . This new control will be given in terms of 6 fixed profiles that are
independent of all data — except the control region @ — imposed in Theorem 1.2.
Hereto, let us recall that y = [0,y,] " from Theorem 2.1 only depends on time and is
compactly supported in (0, 1).

Theorem 2.7. There exist profiles (1, ..., s € L*((0,1);C*(T%R)) that depend
only on the control region ®, and for which the following statement holds. Given any
m €N, 0, € H", and & > 0, there are parameters «y, . ..,as € L2((0,1);R) such
that the unique solution

® € C°([0,1]; H™) N W"2((0,1); H™ )

to the linear problem

0,0+ (y -V)0=I,n, 0O(,0)=0, (2.11)
where
6
= Z a;4; € L2((0,1); C*(T%;R)), / n(x,)dx =0 ae., (2.12)
=1 T2
satisfies
1O, 1) = O1lm < &. (2.13)

In addition, given a bounded subset B C H™, there exists a continuous linear operator,
denoted as C,: H™ — L%((0,1);R)®, assigning to each state 6, € B parameters
ai, ..., aq such that the solution © to (2.6) obeys ||©(-, 1) — 01 ||;u-1 < &.

12



Proof. Letay,...,as € L>((0,1);R), and the corresponding solution 6 to (2.8), be
fixed by applying Theorem 2.6 with target state #; € H™(T?;R) such that

10C, 1) = 61llm < €.

In the case that 8; is from B, we select @i, ..., as € L>((0,1);R) as the image of 6,
under a bounded linear operator, while ensuring ||6(-, 1) — 01]|;-1 < €.

Step 1. Definition of a localized control. Let us recall from (2.3) the partition of
the reference time interval (0, 1) with uniform spacing

0<tl<th<t)<tl<il<ig<tl<- <tX<tf<if<1

The force g = Z?:l @,;, obtained above via Theorem 2.6, is now transformed into a
new control f supported in ®. More specifically, we define

k k

t—t t—t

L x(D)g|Y|x,t 4 4
tl/l’t ’ 4 ’

lta-1,] 1=tk ) 1k -1k

5
O = x) )y
k=1"b

a

) (2.14)

and then demonstrate that the solution 6% to
80"+ (y -V = f, 6%(,0)=0 (2.15)

satisfies ||6%(-, 1) — 61|, < &, or [|6#(-,1) = 01 ||u—1 < € if @1, ..., @4 are chosen to
depend continuously on 6, from the bounded set B.

Step 2. Checking approximate controllability. Since 8 obeys (2.8), and recalling
that Y is the flow associated with y from Theorem 2.1, one finds

1
H(x,l):/ g(M(x,0,r),r)dr. (2.16)
0

Thus, in view of f’s definition in (2.14), the properties of y and Y (cf. (2.1), (2.2),
and Theorem 2.1) imply

K 1
o => [ x (y(x,o,r(t’g — by 4 tg)) 2(Y(x,0,r),r)dr
k=170
K 1 k k
1 — K —tk
. k/ H[tg’tk](s))((y(x,o,s))g(y(x,(), s k)sk k)ds
k=1 tb_ta 0 b tb_ta tb_ta
2.17)
1
=/ f(Y(x,0,5),s)ds,
0

where we used for k € {1,..., K} the substitutions r = (s — t’;)(t’g —t%)=1. Therefore,
the unique solution 6% to the problem (2.15) satisfies 8%(-, 1) = 6(-, 1).
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Step 3. Average corrections. In view of the equation for 6% in (2.15), and by
employing (2.10), (2.16), and (2.17) together with the fact that Y is volume preserving,
it follows that

/T29#(z,t)dz=/Ot/T2f(z,s)dzds, /Ol/Tzf(Z’S)dst:O’

where f is the function from (2.14). Now, we define

x(x2) [ foo £(z,5) dzds
Joo x(2) dz '

In particular, we have O(-,0) = #%(-,0) and O(-, 1) = 6*(-, 1), and © satisfies (2.11)
with the control

O(x1,x2,1) = 0% (x1,x2,1) —

Fox'(02) i foo £(z.5) dzds — x(x2) [ f(z.1) dz
Jre x(2)dz

n(x1,x2,1) = f(x1,%2,1) —
(2.18)
of the form (2.12). Moreover, ® satisfies the controllability condition (2.13), or

(-, 1) = 0y||;u-1 < €if @y,...,ay are chosen in continuous dependence on 6; from
the bounded set B.

Step 4. Structure of the control. It remains to name the profiles (i, ..., (¢ that
where implicitly described during the preceding steps. To this end, the function f
from (2.14) is expressed by means of

=tk r—ik
fln =x <x2)Z Tk af) <t>g( (x,f,tk_fk)’,k_fk)
b a

klb a b a

K X(XQ)I[[t tk )
Z (Y (x,1,0(1), (1)),
k a
where
X t—1t,
HOEDY g (07— (2.19)
=1 I, —1a

Finally, after recalling the definition of 471, R Z4 in (2.7), we take (i, ..., {s as any
enumeration of the set (in Section 1.2 we denoted {; = y and {» = x’)

X TU{x, 0 = x()G(UY (x, 1, 1), L,a®) | i€ {l,....,4}}. (220

The parameters aj, ..., as € L%((0, 1);R) are then determined from the above choice
of @1, ..., a4 and the definition of 7 in (2.18). When the target 6, varies in a bounded
set of H™, the formulas (2.14) and (2.18) allow taking a1, ..., @& as the image of 6,
under a bounded linear operator. Because y, Y, U, and o are universal objects for
fixed o, the set in (2.20) is not affected by the choice of the initial and target states, the
viscosity, the thermal diffusivity, the external forces, and also not by the approximation
error specified in Theorems 1.2 and 1.3.

O
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3 Proofs of the main results

To avoid for simplicity the discussion of weak notions of solutions, we assume without
loss of generality that » > 2 in Theorems 1.2 and 1.3. Indeed, if it would hold r < 2,
and given that (@, Yex;) € L2((0,T); H?> x H?), the corresponding uncontrolled
trajectory naturally regularizes due to the known parabolic smoothing effects, and
after any short time assumes states in H? x H2, which can be taken as the new initial
data.

Owing to classical elliptic regularity estimates (cf. (3.4) below), for proving Theo-
rems 1.2 and 1.3 it suffices to determine control forces 77,77 € L2((0,7); C*(T%; R))
of the type (1.5) that ensure an estimate of the form

/ u(x,T)dx
T

where V A u := 01up — Ohu, is the curl of u and € > 0 is the approximation accuracy

“VAu("T)_VAuTHV—l+||9('aT)_9T“r+ <eg, (31)

selected in Theorems 1.2 and 1.3.

Vorticity-temperature formulation. For initial data (ug, 6y) € H” x H" and pre-
scribed forces (@ex, Yext) € L2((0,T); H x H"), let (u, 6, p) be the solution to (1.1),
and denote the vorticity w = V A u. Then, the triple (u,w, §) satisfies in T? x (0, T)
the problem

Ow—vAw+ (u-V)w =010 + @ext, 0:0 —TAO+ (1 - V)0 = 1yn + Wext,

(3.2)
Vau=w, V-u=0, w0 =wy 6(0)=0b,

where wy = V Aug and pexe = V A @y Vice versa, if (u, w, 0) solves (3.2) and obeys
Jpuz(x,t)dx = fO’ Jm2 6(x, s) dxds for all ¢t € [0,T], one can recover the pressure p,
uniquely up to an additive constant depending on time, such that (u, 8, p) is a solution
to (1.1); e.g., see [22].

Inverting the curl operator. Given any m € N, let Y: H"~! x R> — V" be the
following solenoidal realization of (V A )~!: for elements z € H” ! and A € R?, the
vector field ((z, A) € V™ is defined as the unique solution to the planar div-curl
problem

VAY(z,A)=z, V-Y(z,A) =0, / Y(z,A)(x)dx = A. (3.3)
T
In fact, one has the representation
Y(z,A) = V'Y +A, V= [dy,-0y]",

where the stream function ¢ solves Poisson’s equation Ay = —z. Then, by the elliptic
theory for the Laplacian, there exists a constant Cy > 0 such that

10 (z, Al < Co(llzllm-1 +|A]) (3.4
forall z€ H" ! and A € R2.
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3.1 Well-posedness and hydrodynamic scaling

We recall that, like the Navier—Stokes system in 2D, the two-dimensional Boussinesq
system is globally well-posed in the space

Xpt = AP AT, N9l = 1 f lamr + gl

where m € Nand A = C°([0,T]; H™(T? R))NL?((0, T); H™*!(T%; R)) is endowed

with || - [lam = [ - [lco¢ro, 710 (r2m)y + 11 - L2 0,701 (12:R)) -
The following well-posedness result can be shown by analysis similar to the
incompressible Navier—Stokes system; e.g., see [22].

Proposition 3.1. Given arbitrary initial states (wg, 6y) € H™~! x H" (T2, R), external
forces (hy, hy) € L2((0,T); H"2 x H"!(T%; R)), and average A € W'2((0,T);R?),
there exists a unique solution (w,0) € XJ' to the Boussinesq system in vorticity-
temperature form

ow—vAw+(u -VYw=010+hy, 0,60—-1A0+ (u-V)0=hy,

(3.5)
u(,t) =Y w,A), w(,0) =wy, 6(,0) =80.

The resolving operator St associated with (3.5) is the mapping

H" ™' x H™(T% R) x L2((0, T); H" > x H"'(T%; R)) x WH2((0,T); R?) — X7,
(wo, 0o, h1, ha, A) —> St (wo, 6o, h1, 2, A) = (w, 6).
The next result relates the solutions to (3.2) at a small time with the solutions to

linear transport problems with drift y at time ¢ = 1. This approach is inspired by [7]
and the present version particularly builds on the recent works [19,20].

Theorem 3.2. Given T > 0, m > 2, let initial states (wy, 0g) € H™ x H™! and
external forces (Qext, Wext) € L*((0,T); H™ =2 x H™~ 1) be arbitrarily fixed. Moreover,
denote by (vs,¥s)se(0,1) the solution family to the linear transport problems

Ovs + (¥ - Vvs =019s, 095+ (y-V)Is =15, 3.6)
U@(',O) = wo, 195(',0) = 590, '

where y is the vector field from Theorem 2.1 and ns < L*((0,1);C®(T?;R)) is
chosen in a way that

/ ns(x, ) dr =0 ae,  sup [[B5(D)llme = 0(6) ass — 0. 3.1
T2 te[0,1]

Then, one has the convergence
lim 1S (w0, 0, Pexts Yext + Hs. ¥ 5)li=s — (065,07 95) (-, Dllggm-1xqum (12 = 0,

where
Hs(-1) = 67ns(67'0), ys(1) =6"'5(57"0),
uniformly with respect to (Pexi, Wext) from bounded subsets of L>((0, T); H™~2xH™ 1),
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Proof. For any ¢ € (0,1), let (w,6) € X' be the solution to the nonlinear prob-
lem (3.2) driven by Hs, and with velocity average y ;. Namely, we take (w, ) =
S5 (wo, 00, Pexts Wext + Hs, ¥ s), with associated velocity u = Y (w,ys), where the
div-curl solution operator Y is defined via (3.3). Then, we make an ansatz of the form

w=zs+r, u=ys+Zs+R, 60=0s5+s, (3.8)
where
26(,1) = 05( 87, 05(,1) =0"05(,07'), Zs=7(z5,0), R:=7(r0).
The theorem will be proved by showing that
(s ) lm—1 +1[sC-, )|l —> O as 6 — 0, (3.9)
uniformly for (@ext, Yext) from bounded subsets of L%((0,1); H" 2 x H™~ 1),

Step 1. Description of remainders. By plugging the ansatz (3.8) into the equa-
tion (3.2) satisfied by (w, 8), one finds that r and s solve the evolutionary system

atr—vAr+((i5+Z5+R)-V)r+(R-V)z5:Eé+81s,

_ (3.10)
Os—TAs+((Js+Zs+R)-V)s+(R-V)0s=As

with initial conditions r(+,0) = s(+,0) = 0, and where
Es=¢ext = (Zs - V)25 +VAz5, N5 =texi — (Zs - V)05 +TA05.
Moreover, one has the elliptic estimates (cf. (3.4))

IRC, Ollm < Collr (- O)llm-1, 1 Zs(,0)llm < Collzs -, )llm-1, 7 € [0,6]. (3.11)
Step 2. A priori estimates. Since the vorticity-temperature coupling in (3.2) is
linear, and due to the dissipation of both w and 6, the subsequent estimates are similar
to those provided in a related context for the Navier—Stokes system by [20, Proof of
Lemma 5.5] and [19, Proposition 2.2]. That is, after formally multiplying in (3.10)
with (=A)" ! and (-A)™s respectively, integration by parts, (3.11), and known
inequalities yield

1 2 1 2 ' 2 ' 2
S GOy + S IsC Ol +v | 7, )l do + 7 | s (-, )50y do
t
< /O (1185 (s ) lm—2llr (s )l dom + [[As (- ) lm-1ll5 (-, ) [lme1) dor
t
+/0 IR, )Ml (2o C, ) lmllr (- ) llm-1 + I ) -1l (-, o) ) dor
t
+/0 IR, )l (105 (s ) et llsC o)l + 15 C ) s, ) lmar) doo
t
. /0 (IF5() + Zs et G, ),y + l5Co Dl ()l ) dor

t
+ /O 15 5() + Z5 (2 )l (- )1, dor
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In order to further estimate the right-hand side of the previous inequality, we again
use (3.11), while also accounting for the d-scaling by substituting o <> do- under
several of the integral signs. E.g., for ¢t € (0, §), it follows that

t 1 o)
/ IIf(-,U)IIszSmin{(S / 1f (.50 1 dor, / IIf(-,U)Ilsz} (3.12)
0 0 0

forall f € L'((0,8); H (T?;R)) with [ > 0. The relations in (3.12), combined with the
respective boundedness of Zs in L!((0, 6); H"2(T?;R)) and of y in C°([0, 1];R?),
yield (1511% JEIEs(-,0) lm—2do- = 0 and

o)
lim / 175() + Zos (- )llmer do < sup [7(s)].
6—-0Jo se[0,1]

In particular, thanks to the assumptions in (3.7), one can infer

s
/0 165 (, ) 7sy do < 67" sup [[95(,9)l7,,, = O(S) as § — 0,

m+l —
s€[0,1]
o
lim / 1A s )l dor = 0.
0—0 0

Therefore, in view of Gronwall’s lemma, and by essentially copying the analysis
from [20, Proof of Lemma 5.5], it follows that there is a constant C > 0, which
is independent of 6 € (0,1), ¢t € [0, 6], and (wg, fy) varying in a bounded subset
of H™ x H™*!, such that

t
IO+ sl < o+ € [ (Il + Il ) de

where the family of constants (Cs)se(0,1) satisfies lims_,0 Cs = 0. Finally, after
denoting

W0 = ot C [ (Il + 1ol don

the convergence asserted in (3.9) follows by utilizing that ¥ obeys the differential
inequality %‘P < CW?; for situations of similar nature, see, e.g., [19, Proposition 2.2]
and [20, Proof of Lemma 5.5]. O

3.2 Controllability of the vorticity-temperature formulation

Let 1, ..., 0 € L2((0,1); C*(T?;R)) be the profiles introduced in Section 1.2 and
fixed via (2.20). Moreover, we recall that y is obtained via Theorem 2.1 and continue
using the notation y 4(t) = 6~y (67 '¢) for 6 € (0,1) and 7 € [0, 6].

The following result, which is a consequence of Theorems 2.7 and 3.2, allows to
steer the temperature towards any state in a small time, while keeping the vorticity
close to the initial one. The control is hereby finitely-decomposable and physically
localized.
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Theorem 3.3. For any given T > 0, m > 2, (wq,6p,61) € H™ x H™*! x H™*1,
and (@exts Wext) € L*((0,T); H™=2 x H™™ 1), there exist parameters

6
(@1 assenn CLAODR. Y [ apite )i =0 ae (.13
=1 YT
such that, when 6 — 0, one has in H"~! x H™ the convergence
6
S5 wo, 009 QDCXt’ l//ext + 5_2 Z 06,1(6_1')41(" 6_1')’ YJ) |[=(5 — (wo, Hl)a
=1

uniformly for (Qext, Wext) from bounded subsets of L>((0,T); H™=2 x H™1).

Proof. Let p € (0,1) and take (v, 5p) as the unique solution to the homogeneous
linear problem

O+ (¥ -V, = 10y, 80, +(F-V)I, =0, (0,,3,)(-0) = (wp, pbo). (3.14)

By the properties of Y from Theorem 2.1, it follows that

1
T 1) = plo. T =00+ T, T = [ 0T, (Y 15).5)ds.
0
In addition, basic estimates yield

sup ||, (s ) lms1 + [Tp.1llm = O(p) as p —> 0. (3.15)
te[0,1]

Now, let any & > O be fixed. Then, for each p € (0, 1), an application of Theorem 2.7
with the target ©®; = p(6; — 6p) provides (a1, ..., 6)pe(0,1) C L%((0,1);R) such
that the respective solution

(V. ®,) € CO([0, 1I[; H™ x H™) n WH2((0, 1); H™ ! x H™)

to

6
anp +(y- V)Vp = 010, at®p +(-V)6, = Z a’p,lgla Vp(" 0) = ®p(” 0) =0,
=1

(3.16)
obeys
1©,(-, 1) = O1llm < &.
Moreover, the control parameters are chosen such that
6 6
I Z @p,181llL2((0,1)mm1) < PCe (Z ||§l||L2(<o,1);Hm+l)) 161 = Oollms1,
= = (3.17)

6
Z /T2 ap1li(x,-)dx =0 ae,
=1

19



where c is the operator norm of the bounded linear operator C, from Theorem 2.7.
Further, by estimating V), and ©,, in (3.16) using (3.17), one finds

sup 18, (-, D)llm+1 + lwo = Vp (s Dllm + Vo (-, Dllm = O(p) as p — 0. (3.18)
te[0,1]

Now, the pair (v, ?y) = (v, +V,, 5,, +0,,) solves the linear reference system (3.6)
in Theorem 3.2 with force 17, = Z?zl @p,1{1, and it holds

19,(, 1) = pOillm < &.
Moreover, from (3.15) and (3.18) it follows that

sup |19, (-, D) llms1 + 0o (-, 1) = wollm—1 = O(p) as p — 0.
tel0,1]

Hence, by Theorem 3.2, there exists d. > 0 such that

||S(5 (U)(), 00’ ‘Pext, ¢6Xt + 6_2775(" 6_1')’yé)|l=5 - (LUO, 0])“HM—1><Hm <¢g
for all § € (0, 6.). O

The following result specifies types of target states that are approximately reached
naturally (without using an additive control) when starting from appropriate initial
data. To this end, let IT;: AY x ﬂ?” —> AT denote the projection to the first
component.

Theorem 3.4. Let m > 2, T > 0, average-free gge C®(T%;R), (wo, Bp) € H"xH™!,
and (ext, Wext) € L2((0,T); H" 2 x H™ 1), As § — 0, one has

1, S 5 (wo, 0o — 6 &, @exts Wexts 0) 125 —> wo — A1, (3.19)
Ss(wo+6"12E, 60, Pexts ext, 0)i=5— (0, 6712) —s (wo— (Y (£, 0) - V), 6p), (3.20)

in the norms of H" ! respectively H™~! x H™. Both convergences in (3.19) and (3.20)
are uniform with respect to (Pexi, Wext) from bounded subsets of L>((0,T); H" 2 x
Hm—l).

Proof. We develop a simplified version of the arguments given in [4, Proof of
Proposition 1.2] for the 3D primitive equations. First, we observe that

(Ws,05) = Ss(wo, 080 — &, @exts Wext 0) + (0,671€)

solves =
OWs —vAWs +(Us - V) W5 =01(O5 =6 &) + Pexts

305 —TA@5 —67'6) + (Us - V)(O5 — 7€) = Yexs,
(3.21)
VAUs=Ws, V-Us=0, /Ué(x’[)dxzﬂ’
TZ

Ws(-,0) = Wy :=wp, Os(-,0) =0p = 6.
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Showing (3.19). It remains to verify for the solutions (Ws,Us, ®s)se(0,1) to (3.21)
the convergence
(1513})||W5(',5) - (Wo = 01&)|lm-1=0. (3.22)

Establishing (3.22) means showing ||Qs(+,6)||m-1 — 0 as 6 — 0 for the functions
Q5(x,1) = Ws(x,1) = Wo(x) + 6~ '101£(x), 6 € (0,1).
In fact, each Qs obeys the initial condition Qs(-,0) = 0 and solves

0105 —vAQs5+ (Vs - V)05 = pexi + 01(O5 — Rs) + 1Rs —vA(Qs — W) (323)
+H(Us = Vs) - V)(Qs —Ws) + (Vs - V)(Qs - Ws) + (Vs —Us) - V)Qs,

where Vs = Y (Qs,0) and

5_11(915

> & (3.24)

Rs(-,1) = Og(-,1) = O+ 6 17AE — 671 [ | Wy — -V

,0

for 6 € (0,1) and ¢ € [0, 6]. In particular, one has Rs(-,0) = 0, and R satisfies

0iRs —TARs + (Vs - V)Rs = Yext = TA(R5 — Os) + (Vs - V)(R5 — Oy)

~ — (3.25)
+((Vs =Us) - V)R + (Vs =Us) - V)(O5 = R5) + 67 (Vis - V)é.
Now, given any a > 1, it follows that
||(Q5 - W5)||]cja((0’5);Hm) + ”(R5 - 85)||Eu((0’§);Hm+l) = @(6) (326)
as 0 — 0; e.g., for the second term this can be seen via
||(R5 - 66)|laa((0’5);Hm+l)
o -1 =
—~ 5 1so —
=/ 109 — 6 'sAE + 67 s [ Wy - > 1‘5,0 V€5, ds
0

< 6C (14 IWoll2 + 10, + €112, )

m+4

The argument is then completed by utilizing (3.23), (3.25), and (3.26) to derive energy
estimates for Rs and Q. Indeed, one can begin with formally multiplying (3.23)
and (3.25) by (=A)""1Q s and (=A)"™R s respectively; integration by parts, Sobolev
embeddings, and Gronwall’s inequality subsequently imply, together with (3.26),
that ||Qs(+,6)|lm—1 — 0 as § — 0. From the viewpoint of estimates, the procedure
is similar to that presented in “Step 2” of the proof for Theorem 3.2.

Showing (3.20). Instead of (3.21) we consider the time evolution of the modified
trajectory

(Ws,05) = S5(wo + 6712, 0, exts Wexts 0) — (6712, 0),
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which solves the problem
W5 —vAWs + (Us - V) W5 = gex + 105 + v~ PAE
5712 (U5 V) E- 571 (0 E0) - V) W5 - 67 (Y(E0)- V)

VAUs=Ws, V- -Us=0, /Ug(x,t)dx=0,
T

0,05 = TA0s + (Us - V)0 = Yo~ 672 (1(£,0) - V) 0,
W&(”O) = Wwo, 65(’0) :00~
Then, the convergence in (3.20) follows after showing that the remainder terms
Qs5(-1) = Ws (1) = Wo+6 1t (Y(E, 0) - v) E—6"2tvAg,
Rs(-,1) =0s(-,1) — O
satisfy (Qs, Rs)(-,8) —> (0,0) in H™~! x H™ as § — 0. Indeed, instead of (3.26),
one now has
_ 1/2
||(Q5 - W(S)”fa((o’é);Hm) + ||(R5 - 65)”55;((0’5);]_[;7“1) - @(6 )’
which suffices in order to derive standard energy estimates for Qs and R as explained
in the proof of Theorem 3.2. O
We also need the below auxiliary result which can be proved by elementary
trigonometric calculations.

Lemma 3.5. Let & be the collection of sin(x -n) and cos(x-n) withn € Nx(NU{0}).
Then, the set

H = {60+ (X(£1,0) - V) &1+ (X(£2,0) - V) & | &0, 61,62 € spang E}
contains +sin(x - n) and +cos(x - n) for all nonzero n € Z>.

Proof. The idea is to utilize the representations Y'(sin(n - x), 0) = n*|n| =2 cos(n - x)
and Y'(cos(n-x),0) = —n*|n| =2 sin(n-x), and then to express sin(x - n) and cos(x - n)
via trigonometric angle identities as elements of . Such arguments are described,
e.g., in [3]. O

As a direct consequence of Theorem 3.3 and Theorem 3.4, the following corollary
allows to approximately reach all target states that are of the form “initial state +
bilinear term + large residual with vanishing x-average”.

Corollary 3.6. Given m > 2, T > 0, & = 01k for some k € C®°(T%R), initial
states (wo, 0p) € H™ x H™! and (pexe, Wext) € L*((0,T); H™2 ><~Hm_1). There exist
control parameters (Vs, Vs 1,--.»¥6.6)6>0 C L2((0,T);R) and Ns € Cy((0,T);R)
such that

HIS(S (w07 907 Pext» (//ext + 77(5’ g(;) |t:§ - 6_1/26 — Wo — (Y(f’ 0) : V)‘f as o6 — 0,
(3.27)
where 75(x,1) = X5 ¥5.1(1) &1 (x,¥5(1)).
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Proof. The argument consists of three steps. 1) For any d, > 0 and 63 > 0, one
can determine ¢; > 0 via Theorem 3.3 such that the corresponding trajectory in
Theorem 3.3 comes at 1 = ¢ as close to 6y — d, 163_ 124 as desired. 2) depending
on d3, Theorem 3.4 allows taking 6, so small that the left-hand side in (3.19) with
0 = 52 and E: 53_1/2K is at t = 6, as close to wy — 63_1/26 as needed. 3) A good
value of 93 is then taken so that the left-hand side in (3.20) with 6 = 63 and ,_;? =£is
desirably near to wy — (Y'(£,0) - V)& at time ¢ = §3. Using the continuous dependence
of solutions to (3.2) on the data, one can glue the respective trajectories from these
steps by first fixing d3, then ¢,, and finally ¢;.

Summarized, via Theorem 3.3 and Theorem 3.4, we choose for any given 6 > 0
the numbers 0 < 61,062,063 < ¢/3, the parameters (as, 1)ieq1,....61 C L2((0,1);R),
and

.....

Y5 (1) = Lo,6007', ¥su(t) = 672as,1(67'0), No(r) = Lo,5)¥ s, (1)
such that (3.27) holds. O

The next theorem provides the combined global approximate controllability of the
vorticity and the temperature in any given time.

Theorem 3.7. Assume thatm > 2, T > 0, € > 0, (wg, 8p), (wr,07) € H™ ! x H™,
and (Qexi» Wext) € L2((0,T); H™=1 x H™). There exist v, y1,...,vs € L2((0,T);R)
such that the corresponding solution (w,u, 8) to (3.2), with control n as in (1.5), has
the regularity (w, 0) € X7 with [r u(x,-)dx € C7 ((0, T);R?) and obeys

E
lw(-,T) = wr|lm=1 + 10, T) = Or|lm < G (3.28)

for the constant Cy > 0 from (3.4).

Proof. By standard energy estimates for the vorticity-temperature system (3.2), there
exists a small time dp > O such that the implication

2e £
la = wrllm-1 + 16 =07l < o = [0 —wrllm-1 +10° = O7llm < =
3C() CO

is true for all pairs
(w69 06) = Sé(a’ b’ ‘;%xt(T -0+ ')9 Wext(T -0+ ')90)|t=5’ 0<o < 507

and where 50 depends on &, Cy, wr, 01, and (@ext, Yext). Now, the desired parameters
Ys¥, Y1 - -»ve € L2((0,T);R) are obtained as follows.

Step 1. Starting with controls switched off. During the time interval [0, T — 50],
no controls shall be applied. Let us denote the state of the uncontrolled trajectory at
the time t =T — §g by

(wo’ 50) = ST—&O(wO’ 00’ Pexts ‘ﬁext, 0)|IZT—50 € Hm+l X Hm+2’
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where 0 < 6y < & is arbitrarily selected outside a temporal set of zero measure on
which the desired regularity (@, 69) € H"™*! x H"*2 is unknown. This is possible
due to the assumption (@ex, Yext) € L2((0,T); H™~! x H™), as it follows then from
the parabolic smoothing effects of (3.2) (cf. [22]) that

ST(wO’ GOa Pexts 'ﬁexta O)I(a,T) € LZ((a’ T)’ Hm+l X Hm+2)

for arbitrarily fixed 0 < a < T.

Step 2. Energizing special intermediate profiles. Owing to Lemma 3.5, we choose
an integer L > 0 and average-free &y, &1, ..., € CW(TZ;R), where &; = 01«; for
some k; € C°(T%;R) and i € {1,...,2L}, so that

€

2L
IV = wrllmi < o V= — 0o — ;(T(fi, 0) - V)& (3.29)

Now, by 2L applications of Corollary 3.6, starting from (wy, 6y) one can approximately
reach the state comprised of lele (Y(&:,0) - V)&; plus 2L large residuals which
arise from the “5~!/ 2¢ = 6-128,k” term in (3.27). Then, resorting once more to
Theorem 3.3 and the statement (3.19) of Theorem 3.4, the —0,&y term in (3.29)
can be generated while eliminating the aforementioned residuals. Thus, one obtains
81 < 60/2 and parameters (7,71, ..., ¥s)s>0 € L*((0,T);R) and N e Cy((0,T);R)
such that

(wv 9) = S (w()v 507 Qoext, wext + ;77 N5) |l‘:51 )

where ;
A1) = ) T4 7(1),
=1
obeys
(@0, Bo) = (,8)(-,61) € H" x H™L [|[5(-,61) = Vmet < ——.  (3.30)

6Co

The regularity condition in (3.30) holds due to (@exi, Yext) € L2((0,T); H™~! x H™)
and parabolic smoothing effects.

Step 3. Reaching the target state. Another application of Theorem 3.3, with any
target temperature §7 € H™*! satisfying |07 —607|lm < £/6Co, provides 0 < 65 < §/2
and control parameters

(Brs---.Bs) CL2((0,1):R)
for which the trajectory

—~

(wa 9) = 852(&)\09 509 Soext(T - 60 + 61 + ')7 l//ext(T - 50 + 61 + ') + ﬁ’yéz)
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driven by 77(-, 1) = 65 28, B1(657'0)¢i(+, 85 ') for 0 < 1 < 6, satisfies

—~ —~ -~ -~ £
lw(-, 62) = wollm-1 +116(-, 62) = Orllm < 7=
3C

In view of (3.29) and (3.30), it follows that

18C,52) = wrllnos + 10, 52) = 7l < oo
0
Summary. By gluing together the above-obtained trajectories and controls, the
previous constructions yield the control parameters y,vy1,...,¥s € L2((0,T);R)
and a respectively controlled trajectory (w, u,#) having the desired properties. In
particular, since y obtained via Theorem 2.1 is compactly supported in (0, 1), it
follows that fr2 u(x,-) dx € C7((0,7); R?); and in fact, the first component of the
velocity average vanishes: fp2 u;(x,-)dx =0. O

3.3 Conclusion of Theorems 1.2 and 1.3

Letr > 2,7 > 0, and € > 0 be as in Theorems 1.2 and 1.3. An application of
Theorem 3.7 with m = r and (wg, wr) = (V A ug,V A ur) provides a solution
(u,w, 0) to (3.2) that satisfies (3.28), and which is driven by a control 5 of the form

6
(.0 = Y 0 ().
=1

An issue is now that, by the proof of Theorem 3.7, u(-, ) should have nonzero (large)
average for some t € (0,7), but 6 obtained in Theorem 3.7 as a combination of
Theorem 3.3 and Theorem 3.4 is average-free (see (3.13)). Thus, in order to pass
to the velocity-temperature formulation, we shall now either add a velocity control,
or modify 6 appropriately. Hereto, let us denote by 8 € C7°((0,7);R) the function
determined by Negray = fre u(x, ) dx € C5((0, T);R?).

Option 1. Using only a localized temperature control. Let y be the cutoff from
(2.1) with supp(x — x(x2)) C ®. Then, we replace 8 by O(x, 1) = 0(x, 1)+x (x2)N'(¢),
which satisfies (¢f. Theorem 3.7)

0(-.0) =0(-,0), 6(-.T)=06(.T),

followed by renaming 5again as 6. Then, the triple (& = [uy,uz2]", w, 8) obeys (3.28)
and solves (1.1) with a control n of the form

6
n(x) = ()N (1) = 7" ()N (1) + w2 (x, ) ()N (1) + " 71 (0 21(x, 7 (1)),
I=1

which satisfies supp(n7) C ®. As seen in the proof of Theorem 2.7, we can take ¢ = y
and , = x’. This leads to the resolution of Theorem 1.2.
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Remark 3.8. One could also correct the temperature average by adding N’ (¢) to 6
obtained from Theorem 3.7. While this would allow to merely employ a finitely
decomposable temperature control, there appears one term that is not physically
localized in ®: Iyn(x, ) in (1.1) would be replaced by N (¢) +1, 216:1 vi(t) i (x, y(1)).

Option 2. One-dimensional control in the second velocity component. The
triple (u,w, #) obtained via Theorem 3.7 satisfies the controllability condition (3.28)
and solves

du—vAu+ u-VYu+Vp=(0+Legw +Pexi, V-u=0, w(-,0)=uw,
6

8,0 700+ (u - V)0 =1y | D 7Gxy (1) | + e, 6(-0) = o,
I=1

where 77(x, 1) := 8’(¢) y (x2), and noting that y is a universal profile which only depends
on ®. Because in (2.20) the there-appearing cutoff profile y can be taken identically to
the one that is introduced here with the same name, we may write 17(x, 1) = N’ (¢){1(x2).
This completes the proof of Theorem 1.3.

Conclusion. Since x +— y(x2)egnqy is curl-free, all above-listed options for the
controls ensure together with the relations in (3.4) and (3.28) the target condition

(- T) —urllr + 110 T) = 67l < Collw(-, T) —wrllr—1 +16¢-. T) - 07|, <e&.
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