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Abstract

We show approximate controllability of Boussinesq flows in T2 =
R2/27Z? driven by finite-dimensional controls that are supported in any
fixed region ® c T2. This addresses a Boussinesq version of a question by
Agrachev and provides a first example of fluid PDEs controllable in that
sense. In particular, we add in this context to results obtained for the Navier—
Stokes system by Agrachev-Sarychev (Comm. Math. Phys. 265, 2006), where
the controls are finite-dimensional but not localized in physical space, and
Nersesyan-Rissel (Comm. Pure Appl. Math. 78, 2025), where physically
localized controls admit for special ® a degenerate but not finite-dimensional
structure.

For our proof, we study controllability properties of tailored convection
equations governed by time-periodic degenerately forced Euler flows that
provide a twofold geometric mechanism: transport of information through ®
versus non-stationary mixing effects transferring energy from low-dimensional
sources to higher frequencies. The temperature is then controlled by using
Coron’s return method, while the velocity is mainly driven by the buoyant
force.

When o contains two cuts of the torus and a closed square of side-
length L, our approach yields explicit control spaces for the velocity and
temperature of dimensions 2 + 18[27/L]? + 8[2x/L1* and 2 + 8[2x1/L]?,
respectively.
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1 Introduction

Let T> = R?/227Z? and fix a nonempty open set  C T2. The objective of
this work is to study the propagation of degenerate forces localized in ® under
the dynamics of Boussinesq flows to rich sets in the state space. Given any time
T > 0, we consider the velocity u, temperature 6, and pressure p describing the
motion of an incompressible fluid modeled by the 2D Boussinesq system. That is,
u: T?2x(0,T) — RZ and 6, p: T? x (0,T) — R satisfy in T2 x (0, T) the initial
value problem

O —vAu+ (u-V)u+Vp =0ey+ f +1,¢,
div(u) =0,
00 —TAG+ (u-V)0 =g+1,n,
u(+,0) =up, 6(-,0) = 6o,

(1.1)



where v > 0 and 7 > 0 specify the viscosity and thermal diffusivity, I denotes the
indicator function of a set S, the unit vector e; = (0, 1) points in the direction of
gravity, ug and 6y are the initial states, f and g are known forces, and & and 7 are
the to-be-determined controls. For further background on the Boussinesq system,
which is relevant to the study of geophysical phenomena, turbulent flows, and other
topics, we refer to [7,21,35].

As made precise in Corollary 1.2 below, the meaning of approximate controlla-
bility of (1.1) can be sketched as follows. For any approximation accuracy & > 0,
time 7 > 0, initial- and target states (uq, 6p) and (u, 6), parameters v, 7 > 0, and
forces (f, g), there exist controls (&,7) such that

Nu(T) =il +110C.T) - 01| <&,

where || - || denotes suitable norms. In particular, this is a global (large data) notion
of controllability.

To achieve this with finite-dimensional controls means that there are universal
numbers di, d> € N and functions &1, ...,&4,: T2 — R? and Mo Ndy T —
R, which depend on the fixed choice of w but are independent of v, 7, &, and all
data in (1.1), such that £ and 5 have for each ¢ € [0, T] the form

EC D) =ar(ér+- -+ ag, (H)éq,,
(1) =p1(On +---+ Ba,()na,

with control coefficients

ats. .., P15, Pa,: [0,T] — R.

The numbers di, d, and profiles &1,...,&4,,71, ..., N4, Mmust remain unchanged
when varying the viscosity, thermal diffusivity, approximation accuracy, initial- and
target states, and prescribed body forces. Only the control coefficients ajy, ... ag,
and By, ..., B4, in the representations of & and n can be chosen in dependence
on the data in order to influence the final state of the solution to (1.1). This
translates to the goal of constructing universal finite-dimensional vector spaces
F, € C*(T%;R?) and F; c C*(T?;R) of functions supported in w such that (1.1)
is approximately controllable in time 7 > O with controls that satisfy £(-,1) € &,
and n(-, 1) € F; fort € [0, T].

For the Navier—Stokes system on the torus driven by finite-dimensional but
not physically localized forces, approximate controllability has been shown first
in [2,3] via the Agrachev-Sarychev method. Controllability by physically localized
but not finite-dimensional controls on the torus is known due to [11,24], where



Coron’s return method is used. Whether approximate controllability holds with
controls that are both finite-dimensional and physically localized constitutes an
open problem posed by Agrachev for the Navier—Stokes system (c.f. [1, Section
7]). Also for other fluid models, questions of this type have remained unanswered
until the present work. Here, we give a positive answer for the planar Boussinesq
system.

1.1 Notation

Function spaces. Given m € Ny := NU{0}, and writing H,y, for the L*(T%;R)-
functions with zero average, we denote the L?-based Sobolev spaces of divergence-
free vector fields and of zero average scalar functions

H={feH,, | V-f=0inT*}, V":=H"(T:R*)NH,
H™ = H™(T%R) N Hayg,
where H™ and V™ are endowed with the usual norms | - ||,, of H™(T?;R)

and H™(T?;R?) respectively. Further, we say that f € L?((0,T); C®(T%;RN)),
with 7 > 0 and N € {1,2}, when f € L*((0,T); H™(T*RY)) for all m € N.
Throughout, the Lebesgue measure is normalized such that /TZ dx =1.

Flow maps. Let T > 0 and v be a continuous map T2 x [0,7] — R? that
is Lipschitz continuous in the space variables with time-independent Lipschitz
constant. Then, the Cauchy—Lipschitz theorem provides for each x € T2 and
s € [0,T] a unique solution ®°(x, s,-): [0,7] —> T? to the initial value problem

d
5@”()6, s,t) = v(D(x,s,1),t), D’(x,s5,5)=x. (1.2)

We call ®Y the flow of v and note that ®*(®"(x,s,r),r,t) = ®P(x,s,t) for
all x € T? and r,s,t € [0,T]. When A ¢ T? and I,J c [0,T], we write
D'(A,LJ) ={D(x,s,0) |[x €A, sel, tel}.

Div-curl problems. For sufficiently regular U = (U, U,): T?> — R2, the
“curl” of U is defined as V A U := 0,U, — 0,U;. Moreover, for z € H™, m € Ny,
and A € R?, we denote by Y(z,A) € H™!(T?;R?) the unique solution to the
div-curl problem

V-Y(z,A) =0, VAY(z,A)=z (1.3)
that satisfies sz Y(z,A)(x)dx = A. One can express Y as Y(z,A) = Vi¢ + A,
where the stream function ¢ solves Poisson’s equation A¢ = —z in T2 and

Vig = (¢, —01¢). When A = 0, we abbreviate Y (z) = Y(z,0).
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1.2 Main results

The following Theorem is our main contribution. It provides quick approximate
controllability for the temperature, while keeping the velocity close to its initial
state. At this point, additional regularity properties of the data are assumed; these
assumptions will be relaxed due the parabolic smoothing effects exhibited by (1.1).
The full approximate controllability of the Boussinesq system is stated below in
Corollary 1.2.

Theorem 1.1. There are finite-dimensional spaces %, ¢ C*(T*R?) and F; C
C*(T%R) N H,ye such that the following statement holds. For any given data

v, 17,6, T>0, meN, uyeV™? 0,60, € H™?,
feL*((0,7);V™), geL*((0,T);H™),

there exists 6o > 0 so that for each 6 € (0,8¢) there are ¢ € L*((0,6); %,) and
n € L*((0,6); F;) for which the associated solution

(u,0) € C°([0,68]; H™(T* R?) x H™) n L*((0, 8); H™ ' (T?;R?) x H™*)
to the Boussinesq problem (1.1) satisfies
(-, 6) = uollmsr +116(-,6) = O1llms1 < &.

The proof of Theorem 1.1 is organized as follows. In Section 2, a controlla-
bility result for transport problems with generating drift is recalled. In Section 3,
approximate controllability via finite-dimensional and physically localized forces
is established for a specially constructed convection problem. The argument is
completed in Section 4.1.

As a corollary of Theorem 1.1, we can conclude also the approximate con-
trollability of both the temperature and the velocity in arbitrary time, and for less
regular initial states. A sketch of this argument, which will be given in more detail
in Section 4.2, goes as follows.

1) Let m € N, f € L>((0,T); V™), and g € L*((0,T); H™). By the well-
posedness of the 2D Boussinesq system, one can choose o > 0 so small that, if an
uncontrolled solution (u, 8) to (1.1) is issued at ¢ = ¢y from the &/2-neighborhood
of (uy,0;) in V™1 x H™*! then (u,0)(-,t) remains in the g-neighborhood of
(u1,01) in H™1(T?;R?) x H™!(T?;R) for all ¢ € [to, o + o]. Thus, to control
the system in any given time 7" > 0 and with less regular initial states, one can first
issue a trajectory of (1.1) in the Leray-Hopf weak sense from (ug, 6p) € H X Hayg



at time ¢ = 0 with zero controls (¢ = 0, 7 = 0). By parabolic regularization effects,
available due to the choice of forces f € L>((0,T); V™) and g € L>((0,T); H™),
this trajectory will belong to V"*2 x H™*+2 at almost all times ¢ > 0. Then, starting
from ¢ = T — o one employs the actual control strategy; we refer also to the similar
situations in [38,40,41].

2) To steer also the velocity approximately to any given target, and not only
the temperature, a mechanism from [40] can be applied, relying on several scaling
limits and the fact that the set &, defined as

& ={q0+(Y(q1) V) g1 +(Y(q2) - V) g2 | 90.q1.9> € spang &},

. (1.4)
&o = {sin(x - n), cos(x -n) | n € NxNp},

contains + sin(x-n) and + cos(x-n) for all n € Z*>\ {0}; c.f. [3] and also [40, Lemma
3.5]. More precisely, given any ¢ € C*(T?;R) with zero average, it is shown in
[40, Theorem 3.4] that

VAus(,6) — VAug—0d1q in H™ as § — 0,

where (us,0s) solves (1.1) with zero controls (£,7) = (0, 0), initial velocity ug €
H™2 and initial temperatures of the form 6y = —5‘1q. In addition, the latter
reference provides in H™ x H™*! the convergence

(VAus,05)(-6) = (672,00 — (wo - (Y(q) - V)q,80) as § — 0,

where (ugs,6s) is the solution to (1.1) with zero controls (£,7) = (0,0), initial
temperature 6y € H™*2, and initial vorticity V A ug = wg + 6~ '/2¢ for a given
wo € H™*!'. Combining iterations of these two convergence results and Theorem 1.1,
one can steer V A u arbitrarily fast, and as close as desired in H”, from any
wo € H™! to any finite sum of the form

2N
o - g0 — »_(Y(q:) - V)i,
i=1

where N € N and qo,q1,...,g2n € spang &y. Owing to the form of &, this
implies approximate controllability for the vorticity. As both convergences from
[40, Theorem 3.4] are uniform with respect to (f, g) from bounded subsets of
L?((0,T); V™ x H™), one can as in [40] define in a piece-wise (in time) manner a
suitably controlled trajectory. Due to Theorem 1.1, the resulting controls are here
finite-dimensional and physically localized.



Corollary 1.2. Let the spaces F, ¢ C*(T*;R?) and F; c C®(T%;R) N Hgyg be
obtained via Theorem 1.1. For any given g,v,7,T >0, k € Ny, ugp € H, u; € vk
00 € Havg, 01 € H, f € L2((0,T); V™ k=L1}) "and g € L2((0,T); Hmx{k=11}),
there exist controls ¢ € L*>((0,T);%,) and n € L*((0,T); %;) such that the
solution

u € CO((0, T]; H™* 2 (T3 R?) 0 L2((0,7); A2 (T R?)),

to the Boussinesq problem (1.1) satisfies
NuC. T) —urlle +10C.T) = 01l < &.

Remark 1.3. To simplify the presentation of our contributions, we prescribe zero
average initial- and target states in Theorem 1.1 and Corollary 1.2. However, our
approach also works for initial- and target states of non-zero average, possibly
requiring the addition of a two-dimensional space to &, and of a one-dimensional
space to F,. This is explained in Remark 4.7 at the end of Section 4.2. It is worth
noting that velocity controls cannot be divergence-free in general, as this function
class may leave the velocity average invariant. E.g., for simply-connected w, one
has

div(é) =0 A supp(¢) € @ = T periodic ¢: & = V¢

:i u-eldx=/(vAu-el—(u-V)u-el—61p+62¢)dx:0,
dt Jp 2

obstructing approximate controllability when A[,z uo(x)-ey dx # sz uy(x)-eq dx for

e1 = (1,0). The controls obtained here are in any case not divergence-free, which

is however in alignment with the existing literature on controllability properties of

incompressible fluids driven by physically localized forces; see also the references

in Section 1.5.

Remark 1.4. The controls in Theorem 1.1 and Corollary 1.2 can be chosen smooth
in time, using a density argument and the stability of solutions to the Boussinesq
system with respect to small perturbations of the forces.

1.3 Overview of the approach

We start with a so-called “generating” vector field #* that has small uniform
norm (depending only on ®) and is constructed from an observable family as



described in Definition 2.3. This notion of observability, first introduced in [29] for
the study of randomly forced PDEs, induces a certain type of non-stationary mixing
effect, propagating energy created by low-dimensional forces to higher frequencies.
Choosing #* of small norm ensures that its flow cannot transport information in
a fixed time over large distances, which will be crucial for the definition of our
localized controls. Then, having a linearized and inviscid version of the temperature
equation from (1.1) in mind, we consider on a small time interval [0,7*] the
transport problem

oo+ (U -Vyv=g* (1.5)

for which approximate controllability by means of low-dimensional controls g*
without physical localization is known; since g* can act everywhere in T2, the
small uniform norm of #* is not an obstruction. Based on this, we construct a
universal vector field U, depending only on @, such that approximate controllability
also holds for

&V+U-V)V=1,G (1.6)

with a finite-dimensional control G. Up to a few technical details, the force G will
on the reference time interval [0, 1] be given by

M
G(x9t) =/’t(x)Zﬂ[tg,t;;](t)g*(x_Si’t_til)’ (17)
i=1

where g* is a low-dimensional control for (1.5), M is a number depending only
on the geometry of the control region, u is a particular cutoftf supported in ,
(£, t;;] c (0, 1) are disjoint time intervals of length 7* on which U will represent
a physically localized version of @*(- — S;,- — 1), and S; € R? are fixed shifts
related to the convection mechanism that U provides for times outside (1, t;;]. See
also Figure 1.

The idea is, by a careful construction of U involving some geometric consider-
ations, to achieve the rearrangement (see Theorem 3.13)

T* 1 _
/ gX (D7 (x,T*,s),s)ds = / G(®Y(x,1,s5),s)ds,
0

0

where @ and ®V are the flows of the vector fields #* and U, respectively. Next,
through a hydrodynamic scaling limit, which is commonly part of the return method
in the context of incompressible fluids (c.f. [10, Chapter 6]), our result for (1.6)
yields finite-dimensional and physically localized controls that steer the temperature
approximately to any target, while the velocity is kept near its initial state. To this



u* on [0,T*] g*on [0,T*]

G | H I 7 8 9
D E F 4 5 6
A B C 1 2 3
U on [0,1]] G on [0,1!] Uon [t,1] G on [1},1]]
_ _ _ _ A _ _ 1 _
Uon [t),7] G on [1,,17] U on [2,12] G on [12,17]

Uon [1,£)] G on [15,1)] U on [1,1)] G on [1),1)

Figure 1: The behavioral patterns of #* and g* from the convection problem (1.5) are schematically
denoted on a subdivision of the torus by letters from A to I and numbers from 1 to 9, respectively.
It is then indicated how G and U from (1.6) are obtained with the help of g* and &*. The arrows
indicate how information is propagated along U into the control zone (bold center square). In regions
marked with “-”, the flows or controls are inactive.

end, the profile U will be used as a reference trajectory (in the return method
sense), satisfying an incompressible Euler system driven by a finite-dimensional
and physically localized force. In addition, U has to encode certain non-stationary
mixing effects, like those provided by #*, to guarantee approximate controllability
of (1.6) by finite-dimensional forces. But, to localize the controls, U should also
behave like a gradient flow in the complement of ®, transporting information into
the control region.



Compared to the Navier—Stokes equations, we can exploit here the buoyant
force to steer the velocity indirectly. To control the velocity directly by using the
return method, we would need to obtain finite-dimensional and physically localized
controls G not for (1.6), but instead for the following convection problem with
nonlocal stretching term:

AV +U-V)V+(Y(V)-V)VAU =1,G, (1.8)

where Y is the inverse div-curl operator defined in (1.3).

1.4 Explicit representations of #, and #; for a class of regions ®

Our proofs of Theorem 1.1 and Corollary 1.2 provide explicit control spaces
for a particular class of control regions. Let T? \ @ be simply-connected and
contain p + [0, L]? for some p € T? and L > 0. As the control region  is open, it
can be assumed that 277/L ¢ N. Following the explanations in Remarks 3.6 and 4.4
which are given later during the proofs, our constructions of %, and %; can be
made entirely explicit in terms of closed formulas. More specifically, the space %,
of smooth functions T?> — R? is spanned by

A (e DV s =Sl Vs =Sl Ve =Sl

S (ex-VIVxer( = SPL AV [xsi( = Sp1. AV [xer(- = S))],
(VL = )T - VIV st = Sl + (T Lysi (- = Sw)] - )V [sic (- = S,
(V- Lesic (- = SHT - VIV* Ler(- = Sl + (V4 [er(- = $)1 - VIV s = 871,
(V- Lxer( = $p1 - VIV [xer(- = S)l + (V*Lxer( = )l - V)V [xer(- - 57)]

with indices k,l € {1,2} and j,n € {1,..., M}, while the space F; of smooth
zero average functions T2 — R is spanned by

oo 1(O)s1(x = ) dx

oo ()i (x = ;) dx

psi(- = Sj) — p N » per(-=8j) —u N
(Vs = S)H1 - V)u, (Vi xei(- =SH1 -V,
(€l . V)/J’

with indices / € {1,2} and j € {1,..., M}, and where the yet undefined objects
appearing in the representations above are specified as follows.

e s5;(x) =sin(x;) and ¢;(x) = cos(x;) for I € {1,2} and x = (x1,x2) € T2

e M is the square of the smallest integer above 27/L; that is, M = [27/L]>.
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e The family of translation vectors (S;);c(1,... .M} € R2 is, as detailed in Section 3,

a enumeration of {p — 2 (k — 1)/VM,2x(1 - 1)/NM) |k, 1 € {1,...,NM}}.

e i,y € C*(T?;R) are as defined in Section 3.1, solely depending on @ and
satisfying supp(u) U supp(x) C o. See Example 3.1 for a concrete choice.

e The profiles A, X € C®(T?;R?) are curl-free, have linearly independent averages,
and their support is contained in @ (see [41] for an explicit construction).

e ¢;=(1,0) and e; = (0, 1).

The space %, chosen above is at most (2 + 18[27/L]? + 8[27/L]*)-dimensional
and %, is at most (2 + 8[27/L]?)-dimensional. Adding another dimension (for
instance, span u) to #; would allow to control also the temperature average.

Remark 1.5. Utilizing A and X, which have linearly independent averages, one can
adapt the explanations in Remark 4.7 to control (1.1) between states of different
average without having to add more dimensions to Z,.

Remark 1.6. When o is arbitrary, our constructions are explicit up to Lemma 3.2,
which is proved in [24, Lemma 5.1] by a contradiction argument.

1.5 Literature

The approximate controllability of Navier—Stokes and Euler systems driven by
finite-dimensional but not physically localized controls has been established for
the 2D periodic setting via geometric control techniques in [2, 3]. This nonlinear
approach is known as the Agrachev—Sarychev method. In these works, further
considered notions are the controllability of Galerkin approximations and the
controllability in finite-dimensional projections (see also [4]); for an earlier and
different result on the controllability of Galerkin approximations, we refer to [34].
Refinements and extensions (e.g., to 3D) of the Agrachev—Sarychev method have
been developed subsequently; for instance, in the articles [38,42,49,50]. These
ideas principally extend to other domains, provided that certain saturation properties
can be verified. However, this has been done only for special configurations; for
example, when orthonormal bases of trigonometric functions or spherical harmonics
are available. See also [4,47,49,50], and further [43,46] for 2D and 3D rectangular
domains under imposition of a slip boundary condition. We also mention that an
illustration of the Agrachev—Sarychev method for the example of a 1D Burgers
equation is provided by [52], and that Lagrangian and trajectorial controllability
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have been studied in [37] for finite-dimensional controls which may act only through
few components of the Navier—Stokes system posed on the 3D torus. A negative
result regarding the exact controllability of an incompressible Euler problem driven
by finite-dimensional controls is obtained in [51] by a comparison argument for
the Kolmogorov g-entropy, underscoring that approximate controllability is an
appropriate notion in this context. Let us also point to several applications of
the Agrachev-Sarychev approach to Schrodinger equations, e.g., in [16, 17,48].
Further, we emphasize that controllability via finite-dimensional controls is related
to the study of ergodicity and other properties of systems driven by degenerate
noise; e.g., see [27,36] and the recent works [5,22,29,39], noting that [39] treats
Fourier-localized noise multiplied by a cutoff supported in an arbitrary region of
the physical space.

Recently, physically localized controls of a specific degenerate structure have
been obtained in [41] for the 2D incompressible Navier—Stokes system with periodic
boundary conditions. The there-described approach, which already refers to the
notion of observable families and the return method, subsequently inspired a
first approximate (i.e., global) controllability result for the Boussinesq system
driven only by a temperature control [40]. In both references, the controls are
not finite-dimensional but admit explicit representations involving only a finite
number of control coefficients. Moreover, in [41], the control region must contain
two cuts C; and C, rendering T? \ (C; U C;) simply-connected, while in [40] the
control region must contain a strip that cuts the torus into two doubly-connected
pieces. Contrasting these works, we obtain now truly finite-dimensional controls
that are physically localized. Furthermore, we do not impose any restriction on the
nonempty open subset of T2 containing the support of the controls. To this end, our
strategy relies on several new elements. For example, physically localized controls
are not obtained like in [40,41] by composing low-dimensional forces with certain
flow maps that spoil their finite-dimensional nature. Instead, we introduce the
tailored transport problem (1.6), which can be controlled by a finite-dimensional
and physically localized force that is patched together from shifted versions of a
frequency-localized control; the existence of such convection problems that are
in addition compatible with the return method is an essential new ingredient.
To achieve the desired effect, we carefully construct the convection profile U
in (1.6), serving as a return method trajectory and encoding a combination of
several geometric properties preventing it from being constant with respect to the
space variables. This highlights another difference to the aforementioned studies,
which rely on spatially constant return method trajectories, for instance, to handle
a stretching term as in (1.8) or to drive the Boussinesq system only through the
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temperature.

Regarding less degenerate physically localized distributed- or boundary controls
for the Navier—Stokes system and related models, there is a vast body of literature and
many questions are actively studied. Attention is often paid not only to approximate-
but also to exact controllability properties; for instance, exact controllability to
zero (null controllability) or to trajectories. For problems without diffusion, e.g.,
the Euler equations, exact controllability to any target in the state space might be
possible (see [9,25]). This distinction of exact controllability notions is related to
the problem of understanding the reachable space; for more background in this
direction, we point to the recent work [18] and the references therein. Aiming
for local (small data) results, many authors have invoked linearization techniques
and developed Carleman estimates for associated linear problems, leading via
local inversion theorems to local exact controllability properties; for instance,
[19,23,26], and [12,20] for controls acting only in few components. By involving
the return method, which exploits the nonlineary of the considered system, global
controllability results, related to questions posed by J.-L. Lions in the 1980s-1990s
(c.f- [33]), have been obtained for the incompressible Euler and Navier—Stokes
equations [8,9,11,13,14,25,31,32] and other models like the Boussinesq system
and magnetohydrodynamics [6, 24,28, 30,44,45], to name only a few. In these
situations, the main issue is usually approximate controllability, which can be
combined with a local result to achieve global exact controllability to zero or to
trajectories. In particular, the study [13] resolves in both 2D and 3D a Navier slip
version of J.-L. Lions’ famous open problem on the approximate controllability of
the Navier—Stokes system. Namely, the authors impose Navier slip-with-friction
boundary conditions instead of the no-slip boundary condition; similar findings
for the Boussinesq system have been obtained in [6], and [44] demonstrates
approximate controllability only through the temperature for a Boussinesq system
in a planar channel with thermally insulated physical boundaries on two sides
along which the fluid can slip. Concerning the no-slip boundary condition, [14]
establishes global controllability of the Navier—Stokes system in a rectangular
region under the addition of a small phantom force (see [31] for curved boundaries).
We mention also recent achievements of small-time local stabilization for the planar
Navier—Stokes system in [56] and small-time global stabilization for the viscous
Burgers equation with three scalar controls in [15], referring to the bibliographies
of these articles for further references on stabilization problems.
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2 Transport equations with generating drift

In this section, we recall a recent result from [41] on the approximate con-
trollability of transport problems with convection along generating drifts; the
argument goes back to [38] for a 3D linearized Euler problem, based on a notion
of observable families from [29].

To begin with, let K < Z*\ {0} be a finite set with span, (%) = Z? and consider
the space

K = (K) =span{s¢,ce | { € K}, (2.1)

where
se(x) :==sin(€-x), ce(x) :=cos(f - x)

for x € T? and ¢ € K. Then, observable families are defined as in [38], providing
a stronger version of the concept introduced in [29, Definition 4.1].

Definition 2.1. Given 7' > Oand N € N, a family (¢;)jeq1,...,
called observable if, forall J < (0,T), b € C°(J;R), and (aj)jeq
it holds

Ny € L*((0,T);R) is
Ny € CH(J;R)

.....

b+ aj¢j:0inL2(J;R)::,b:al:...:aN:O_

N
J=1

Remark 2.2. Observable families are known to exist. For instance, one can
construct them using the recipe from [38, Section 3.3].

We call a divergence-free vector field generating if it can be constructed in the
below-described manner from an observable family.

Definition 2.3. Let 7 > 0. We say that € W'2((0,T); C*(T?;R?)) is generating,
if it has the form

a(x, 1) =k Y (W05 () +y§(nee(x)E) 22)
eK
for (x,1) € T? x [0, T], where
W) = (1) /0 S(r) dr. UE(D) = B(0) /O #5(r) dr

and
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(97, 97)cex C L*((0,T);R) is an observable family,

¢ € C'([0,T];R) obeys ¢(¢) =0 if an only if t = T,

+ = (=, ¢) for any € = (¢1,6) € K,

ke R\ {0}

Remark 2.4. It is convenient for us to keep the parameter « in Definition 2.3,
despite its redundancy. In particular, given (¢}, #7)cex, ¢, and any R > 0, a com-
pactness argument allows to ensure max . ;)er2xo,7] [#(x, )| < R by appropriately
choosing «.

The next result demonstrates a certain mixing effect that propagates energy
from low frequency (Fourier-localized) sources to higher frequencies. A proof is
given in [41, Theorem 2.6].

Lemma 2.5. Let T > 0 and u € W"?((0,T); C*(T?;R?)) be generating. Given
meN, v; € H", and & > 0, there exists a control ¢ € L*>((0,T); ) such that the
solution to the transport problem 0;v+ (u - V)v = £ with initial condition v(-,0) = 0
satisfies ||[v(-,T) — vi||m < &.

3 Finite-dimensional and physically localized transport
controls

The goal of this section is to prove approximate controllability of a transport
equation driven by physically localized and finite-dimensional controls. This will
be possible for a special convection profile U, which is a time-periodic solution to
a degenerately forced Euler problem. After several preliminary constructions in
Sections 3.1 and 3.2, the definition of U is given in Section 3.3; see (3.18). The
main controllability result of this section is then stated in Theorem 3.13.

Notation. Let us recall that ®?, as defined through (1.2), refers to the flow of
a sufficiently regular vector field v.
3.1 Finite-dimensional flushing profile y

We turn now to the construction of a non-stationary vector field y, for which
t — y(-,1) is a curve in a finite-dimensional subspace of C*(T?;R?), and such
that, among others, the following properties hold for all ¢ (see Theorem 3.4):
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e y(-,1) is divergence-free;
e y(-, 1) is equal to a gradient in the complement of o;

e y induces a flow that flushes information in a specific way through ®.

3.1.1 Partition of unity

For a given length L = L, > 0, we denote by (OiL)ie{l ..... ML} an open
covering of T? by overlapping squares of side-length L and with bottom left
corners (oiL)ie{l _____ mry C T2. Moreover, (,uL.L)l-e{l mry C C™(T?;[0,1]) is a
subordinate partition of unity:

.....

ML
Vie{l,...,M"}: supp(uF) c O, lelL =1
i=1

As demonstrated by Example 3.1 below, these choices can be made in agreement
with the following additional properties.

e There exists OL ¢ T2 with OL ¢  so that OF = OiL +Sl.L = {x+SiL |x e OiL}
for translation vectors S{‘ eR?andi e {1,...,M"L}.

e There exists ul € C*(T%[0,1]) with pE(-) = pf(- + SE) for each i €
{1,...,M"L}.

We then introduce a cutoff xy* € C*(T?;R) which satisfies supp(x*) C w and
x* =1 on a neighborhood of OL. Furthermore, the reference time interval [0, 1]
is partitioned with equidistant spacing

7L = 1/3M" +2)

by means of

Simplified notations. Once the dependence on L = L, is clear, we drop the
superscript “L” from the notations and write M, O;, O, S;, 0i, Wi, > x> t2, t}, t}),
1! tM M M T

c>2%atp 2 tc 0 .

The next example demonstrates that partitions of unity with the required

properties exist. See also Figure 2 for a simplified illustration of the introduced

setup.
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O\/MH

ol |0,

Figure 2: Tllustration of the covering (O;);e(1,...,pm) (three example squares printed) and important
values of the cutoff functions u and y. Within the inner dashed square, which includes the support
of u, one has y = 1. Exterior to the outer dashed square, y vanishes.

Example 3.1. Let the closure of an open square O with side-length L > 0 be
contained in ®. As ® is open, we assume without loss of generality that 27/L
is not an integer; thus, M := [27/L1? > (27/L)?. Now, choose Oy, ...,Op as
translations of O with overlap-width (VML — 27)/VM and bottom left corners
(0i = (0i,1,0i2))ie(1,... .M} given by
_2r(i-1) _2r(l-1)
OivVM(1-1),1 = A OiVM(i-1)2 = TV

for i, = 1,..., VM. Further, take 1 € C°((0,L]; [0, 1]) satisfying fi(s) = 1 if
and only if s € [(VML —2x)/(2YM), L] and define 7 € C*(T; [0, 1]) via
2

ul(s) = 1[|0, L2 | ($)u(s) + H(W\/Lﬁ—br’%)(s) + Hl%’Ll (s) (1 - ﬁ(s - \/_M))

for each s € T. In particular, the function g satisfies supp(u) c (0, L) and

M

I=1
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for all x € T. Finally, the cutoff u € C®(T?; [0, 1]) is chosen via

u(x) = p(x; —o1)p(x2 — 02)

for x = (x1,x2) € T? and (01, 02) being the bottom left vertex of O. For a similar
example, which however leads to a possibly larger choice of the number M, see
also [41, Example 3.1].

3.1.2 Definition of the vector field y

The length L > 0 that determines the open covering (OF),. (..,
be fixed, together with the profile y, in sole dependence on w; see Theorem 3.4
below. Hereto, we recall first the existence of a flushing trajectory in the return
method sense (see also [10, Chapter 6]). Here, we use the constructions provided
by [24] for 2D and 3D flat tori.

mry Will now

Lemma 3.2 ([24, Lemma 5.1, Section 6]). Given any T > 0 and a nonempty open
set wo C T2, there exists a vector field Y € Gy ((0,T);C™ (T%;R?)) that satisfies
the properties
Y(x,1) € T> x [0,T]: div(Y)(x,1) =0,
Y € C((0.7): C(T*R)), V(x,1) € (T>\ wp) X [0, T]: Y (x,1) = V¥(x, 1),
Vi e T2, 3t, € (0,7): @Y (x,0,1,) € wp.

Remark 3.3. The first two properties of Y in Lemma 3.2 ensure that ¥ solves in
T2 x [0, T] the controlled incompressible Euler system

Y + (Y - V)Y +Vp =1,¢,
div(Y) =0,
Y(-,0)=Y(,1)=0
for a smooth pressure p and a smooth control & with supp(£¢) € ® x (0,7). The

third property of Y in Lemma 3.2 states that information originating from any
location in T? is flushed along Y into the given set wy.

The length L > 0 in the definition of squares (OF);c(;.....
together with a finite-dimensional return method trajectory y that has more refined
properties.

mry s now fixed
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Theorem 3.4. There exist L= Ly >0, D, € N, a Dg-dimensional vector space
H, C C(T*;R?), a neighborhood N(T? \ ®) of T> \ o, and a vector field
Y=Y, € Cy((0,1); #y) with the properties

Yh € #,, Vx € T?: div(h)(x) =0, (3.1
Vh € #,, oy € CZ(T%R), Vx € N(T?\ 0): h(x) = chh(x) (3.2)
Vi e [0,T*] U [1 =T 11U [1g, 3] V-V [,/ 1: () =0 (3.3)
and
Yt ) = =¥ (-t - 1),
v y’ 1 1 ’ 1 (3'4)
O (x, e ) = @Y (o, r T~ 1),

dist(x,0;) < L = ®Y(x,0,[t},1,]) = {x + S;} (3.5)

for all (x,1) € T2 x [0,3T*], i € {1,..., M}, and where the objects
M=M" 0=0% 0;=0F, S =Sk t.=ttt = dbk o =1k, T =T*F

are chosen in dependence on L as described at the beginning of Section 3.1.

The proof of Theorem 3.4, which is based on Lemma 3.2, is carried out after
several remarks below.

Remark 3.5. The property (3.4) describes how transportation along y oscillates
back and forth, thereby inducing a flow with specific periodic behavior. The property
(3.5) ensures that a neighborhood of each square O; is transported in time ¢! to a
rigid translation of itself contained in .

Remark 3.6. If T? \ o is simply-connected, one can skip the proof of Theorem 3.4
and instead use the explicit example provided by [41, Theorem 3.2] with %, = R>
being a two-dimensional space of constant functions. More specifically, for any
fixed basis {b, b»} of R?, one can take

y(@) =5, (1)b1 +y,(1) b2,

where y,,y,: [0,1] — R are smooth functions, depending only on the time
variable, chosen such that (3.1)—(3.5) hold. In this case, a covering (O,)eq1,...,m}
is obtained by fixing any L > 0 such that a closed square of side-length L is
contained in . Because T? \  is simply-connected, for each ¢ € [0, 1] one can
express y(t) as the sum of a gradient and a curl-free function supported in ®.
Hence, the profile y solves a controlled incompressible Euler problem. See [41]
for more details.
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Proof of Theorem 3.4. Let us begin with a description of the idea. We start with
an appropriate reference flow from Lemma 3.2 and choose L = L, so small that
it transports entire neighborhoods of OF, . .. ,OZ@L through . In fact, we will
concatenate several scaled copies of that flow in order to prescribe the instances
of time at which the content of each square is mapped into the control region. A
finite-dimensional approximation of each so-obtained flow is constructed via a
time discretization argument. Everything until here, we call “Building block 1.
To achieve the property (3.5), we start by reversing in time the dynamics of each
square O; being transported along a flow described via “Building block 1” to a
respective set A; contained inside the control region; this shows how the set A;
can be mapped to a square using a return method flow. However, the so-achieved
square will be O; and thus may intersect T2 \ @. Therefore, to contain this reversed
process fully in o, we use stream function cutoffs and local shifts to modify the
reversed return method flow inside of ® while setting it zero away from ®. We
will call this “Building block 2”. In the end, the building blocks are glued in an
appropriate manner. Hereby, to ensure (3.4), original and time-reversed versions of
the building blocks are iterated.

Fixing L and a reference flow. We choose Y via Lemma 3.2 for an open
ball wg € ® of diameter dy > 0 and a fixed time T > 0 (e.g., T = 1). By the
compactness of T? and smoothness of Y, we take L = L, > 0 so small that for
eachi e {l,...,M = M’} there exists a time #; € (0,T), a neighborhood B; of
0; = Ol.L, and a family of balls (B; ;);c[0,7] of radius do/6 satisfying

dist(0B;,0;) > L,
@Y (B;,0,1;) C wo,
dist(®Y (B;,0,1;), dwo) > do/3,

®7(Bi7 07 t) C Bi,l
for all r+ € [0,T]. The first property specifies the location of O; in the open
set B;. The second and third properties express that B; should be flushed in time #;
sufficiently “deep” into wy. The last property states that ®¥ cannot tear B; too
much apart: the image of B; under the flow must be confined at each time to a ball
of radius d/6.

To simplify the presentation, let us now always assume that the index i ranges
over the set {1,...,M}.
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Building block 1. The scaled versions Yi(x,1) = r;Y (x,rit) with r; == 21;/T*
satisfy @Y (x,0, r;t) = ®Yi(x,0,1) for all (x,7) € T?> x [0, T*/2]. Consequentially,
@i (B;,0,T*/2) C wo,
dist(®Y (B;,0,T*/2), dwo) > do/3,

(I)Yi (Bi’ O, t) c Bi,rit
for each r € [0,T*/2].

Next, we introduce finite-dimensional versions of the vector fields 71, . ,YM.
Hereto, we fix possibly large N; € N, together with

pi € C;°((0,T*/2) \ {T*/2N;, T* /N, ..., (N; = 1)T*/2N;}; [0, 1]),
T = [(k = )T* /2Ny, kT* /2N;]

for k € {1,...,N;}, such that

N;
Yi(x,1) = pi(t) ) T5 (07;(x, KT* /2N;) (3.6)
k=1
satisfies _
@Y (B;,0,T*/2) C ay,
dist(®Y (B;,0,T*/2), dwo) > do/3, 3.7)
max 10 (a,s,7) — a| < do/6
a€T?, |s—r|<T*/2N;
and

@ (B;,0,1) Bi it (3.8)

for all (x,f) € T? x [0,T*/2].

The possibility to choose such numbers Ny, ..., Ny and profiles py,...,onm
is due to the definition of flows of vector fields in (1.2) and Gronwall’s inequality.
Indeed, it holds

max (I)?" x,0,1 —<1>)7f x,0,1) <C 7,-—?1- * /7). . ,
e ) | ( ) ( )| Il |1 (0.7% /2):c0 (T2:R2))

where N
T /2 <
b IV et r2 52, ds
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Furthermore, the Lipschitz continuity of the smooth vector field ¥; implies

IY: = Yill L1 0.7+ j2):00 (12:82))

xeT? xeT?

Ni
< Z/I (Il — p(t)| sup [Yi(x,0)| + sup [Y;(x,1) = Y;(x,kT*/2N;)| | dt
k=1 "k

< Clipi = Ulpi 0.0+ /2)z) + CN7 1,

where C > 0 denotes a generic constant that can depend on ® but is independent
of all data in Theorem 1.1 and Corollary 1.2. Thus, to approximate ®¥i by @Y
it suffices to take large N;, while ensuring that ||o; — || 11((0,7%/2):r) i small.
Hereby, the latter smallness is always attained by some smooth p; vanishing on a
neighborhood of {0, T*/2N;, T*/N;, ..., T*/2}.

Inspecting (3.6), one finds that each ¥; belongs to Cy’((0,7%/2); %) for a
universal space H C C*(T?;R?) that consists of divergence-free functions and
has at most dimension IV@ = 5\;11 N;.

Building block 2. All elements of /&Za are divergence-free and  is without loss
of generality simply-connected. Thus, given any S € R?, one has the stream function
representations Y;(x = S,1) = qu’i,s(x, t) with ‘Af‘,-,s € Cy((0, T*/Z);?Z;,S) for
all (x,7) € o x [0,7%/2] and an at most N, -dimensional vector space ?F'(ZJ s C
C*(T%R).

Now, let yo € C®(T?; [0, 1]) be a cutoff with supp(xo) € ® and yo = 1 on
a neighborhood of @g. Then, we define for (x,f) € T? x [0,7*/2] the following
time-reversed, localized, and shifted version of ¥;:

N;
Yi(x,1) = = Y (T*/2 = )V [xo'®, o (- T*/2 = )] (x)
k=1

+ Y Lro () (57 (T /2 = )y +53(T* 2 = )x2)],

where the parameters s}, e, sﬁv" e R? and Ell,’s"ll € C*((0,T*/2);R) are chosen
such that

®% (®% (B;,0,T*/2),0.1) C wp,
Y (Y (x,0,7%/2),0,T*/2) = x + S

forz € [0,7*/2] and x € B;. The cutoff y( ensures that the flow is stationary away
from o and that Y; is a gradient in T? \ o.
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These choices of s!,...,s" € R? and 57,52 € C*((0,7*/2); R) are possible
by the following reasoning.

1) Due to (3.7), for each k € {1,..., N;}, information cannot move distances
larger than do/6 along Y; on the time interval 7. Moreover, the function p is
known to vanish on intervals

[0,r0], [T*/2N;—ri,T*/2N;+r1], ..., [T*/2-rn,,T*/2]

for sufficiently small rg,ry,...,rN, > 0. Therefore, after transporting the set
Y (B;,0,T*/2) along the vector field —Y;(-, T*/2 —-) for a duration of T*/2N; —
rn;-1, the resulting set, temporarily called A}, is still contained in wy and of
diameter less than dy/6. Hence, one can take sf.v " = 0. Then, one quickly pushes
Al.1 back inwards g by prescribing suitable nonzero values for Ell and 's'lz on an
interval

(al,b}) c (T*/2 = T*J2N;, T*[2 = T*/2N; + rn,_1).

Notably, the choice of p; appearing in (3.6) ensures that p; (f) = 0 forall ¢ € [a}, b }].
The values s™ ™' € R? are subsequently fixed such that

i
i

<D§"(A! bl,al) = Ag +s5\]"_1 = {a +slN"_l la e AL]} C o,

i»0i»4;
where

Yi(x, 1) = Vo (x) (57 (1)x1 + 57 (1)x2)]
for (x,1) € T2 x [0,T*/2]. Hereby, the existence of such sfv ! follows from the
fact that y; is constant in ®( with respect to the space variables; its’ flow rigidly

translates A} within wg. Moreover, we can assume that the values of (’svg,’s?) on
(a}, b}) are fixed so that

dist(®Y (A!, b}, al), dwg) > do/3,

1’712

Vs € [T*/2 = T*/2N;, T*/2]: ®¥ (A}, T*/2,5) C .

2) Starting at t = T*/2N;, the set A} + sfv i~1is transported along the vector
field t — —Y;(- — sﬁv"_l,T*/2 —t) for a duration of T*/2N; — ry,_» to a set A?.
From here, the above idea is repeated iteratively until the shifts are defined on all
intervals 1 for k € {1,..., N;}.

Dimensions. The constructions ensure that ¥, Y; € Cy’((0,7*/2); ) for an
at most D ,-dimensional vector space %,, ¢ C*(T?;R?), where

M 2
D, =N, + (Z N,-) +2.
i=1
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More precisely, the space #, is spanned by the following functions: 1) the
elements of 7,; 2) the functions V*(yo¢) with € %(D’Slk, ke{l,...,N;} and
le{l,...,M}; 3) the two profiles V[ yox;] and V[ xox2].

Conclusion of the proof. A function y with the desired properties is now
defined by zero on [0,7°] U [tM, 1], by Yi(-t — ti=1 on [#71, 171 + T*/2], by
Y;(ot=t71=T*/2) on [ +T%/2, 1], by zero on [, 18], by =¥i (-, T* /241, 1)
on [7,,11 +T*/2], and by —Y; (-, T* +1, —1) on [1, +T*/2,1.]. o

3.2 Modified generating vector field i*

For the sake of explicitness, we fix now in Definition 2.3 the natural example
K ={(1,0), (0, 1)} c Z*\ {0}. Then, the space % from (2.1) is four-dimensional
and given by

F = spang {x — sin(x;),x > sin(xy),x — cos(xy),x > cos(x2)}. (3.9

All choices of finite K ¢ Z?\ {0} with span,(K) = Z? are allowed. But, for
different K the control spaces obtained in the end may be different, as well.

In view of Remark 2.4, by taking |«| > 0 in (2.2) small, we select in the sense
of Definition 2.3 with T = T*/2 a divergence-free generating vector field

7 T2 % [0,T*/2] — R?
such that

@ =5) (supp(u), 5,1) C O, (3.10)

s.t€[0.T%/2],
SeR?

where u, y, and O are fixed via Theorem 3.4 as described in Section 3.1. This is
possible as supp(u) € O and O is open.

Remark 3.7. The choice of the parameter «, which ensures (3.10), is universal; it
depends only on , and thus is independent of all prescribed data in Theorem 1.1
and Corollary 1.2. The importance of this choice will become apparent in the
proofs of Lemma 3.11 and Theorem 3.13.

Because the function ¢ appearing in Definition 2.3 with T = T*/2 satisfies
¢(T*/2) = 0, we have u*(-,0) = u*(-,7*/2) = 0. This allows us now to define the
profile

P (et) = {i (x,1) if 1 € [0,T%/2], Gl

@ T* —1)  ifre [T*)2,T*],
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noting that
" (x,0,1) = " (x,0,T* - 1) (3.12)

for all (x,t) € T? x [0, T*]. Indeed, both sides in (3.12) are equal at t = T*/2 and
solve the same well-posed differential equation.

The statement of Lemma 2.5 remains true when considering convection
along u* instead of # defined via Definition 2.3.

Lemma 3.8. Given m € N, vyg,v1 € H™, and & > 0, there exists a control
g* € L>((0,T*); %) such that the solution v € C°([0,T*]; H™) to

oo+ (u*-Vyv=g*,

1
v(-,0) = v (-13)

satisfies
lo( T*) = villm < & (3.14)

Proof. First, we assume vp = 0 and set g*(-,1) = 0 for t € [0, T*/2]. As a result, it
holds v(-, 7*/2) = 0. To determine g* (-, ¢) fort € (T*/2,T*], we apply Lemma 2.5
with T = T*/2 and target state v;. The general case vy # 0 follows from a linear
superposition principle: add the uncontrolled solution v with initial state vy to a
controlled solution v with zero initial state and target state vy — vy, noting that
v(-,T*) = vy by (3.12). O

Remark 3.9. It is known, e.g., as explained in [41] or [38, Proof of Theorem 2.3],
that for given € > 0 and a bounded subset B of H™! with vg,v; € B, one can
choose the control in Lemma 3.8 of the form g* = £.(v; — vg) with a bounded
linear operator £: H™ — L>((0,T*); %), as long as (3.14) is replaced by

lo(-. T*) = villm < ellvo = villms1-

Let us briefly recall the argument when vy = 0; the general case follows by
superposition as in the proof of Lemma 3.8. Hereto, consider the resolving operator
A associating with g* € L?((0,T*); %) the solution to ;v + (#* - V)v = g*
with zero initial data v(-,0) = 0. Further, denote by Ar~ the restriction g
(Ag)(T*) € H™. In particular, due to Lemma 3.8, the range of Az~ is dense in
H™. Hence, by utilizing [29, Proposition 2.6], the desired operator L. can be
chosen as a continuous approximate right inverse of Arx.
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By the Helmholtz-Hodge decomposition, the vector field #* admits a stream
function 5* in T? x [0, 7*]. Indeed, from (2.2) and (3.11) it follows that @* is
divergence-free and has zero average. Thus,

T (x,t) = VYo (x,1) (3.15)

for (x,1) € T?x [0, T*]. Moreover, recall that we fixed in Section 3.1 the translation
vectors (S;)ie(1,...m} C R? such that

OZOi+Si (316)

for each i € {1,..., M}. Then, by the definition of u* in (3.11), one has analogues
of (3.12) for flows arising from certain variations of the vector field

—%
(x,0) = Vi x ()¢ (x, 1)1,
where y is the cutoff introduced in Section 3.1. For instance, it holds
OV OB =81 (0, 5) = ®V OB =S (¢ 0, T* _ ),

DV IXOIE (=St (41 g = q;vwx(-)a*(-—si,-—t;)](x,,Z,t;') (=1
(3.17)

forallie{l,...,M}, S e€R* x € T? s €[0,T*], and € [¢},7}]. Indeed, both
sides in each line of (3.17) satisfy the same differential equations with identical
states at s = T*/2 and t = t. + T* /2, respectively.

The next lemma is a consequence of (3.10) for sufficiently small [«| > O.
However, in view of Remark 2.4 and (3.15), it is shorter to argue that the lemma
follows from a new (smaller) choice of |«| > 0 which depends only on .

Lemma 3.10. There exists r > 0 with y = 1 on the r-neighborhood N, of the
reference square O with side-length L (defined in Section 3.1) and such that N, is

also a neighborhood of U ,c(0,1+], ser? CI)VL[X(')?('_S")](Supp(y), 8, 1).

3.3 Definition of U based on y and u*

We introduce a function U € W52((0, 1); C*(T%;R2)) that will be used in
Section 3.4 as a convection profile for linear transport equations steered by physically
localized and finite-dimensional controls. More precisely,

M
Ulx,1) = 3060+ Y Tgs a1 (V4 DY (08 (x = 8,1 = 1) (3.18)

i=1
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for (x,1) € T2 [0, 1]. Aside of being divergence-free in T2, the vector field U (-, t)
is a gradient in a neighborhood of T? \ ® for each ¢ € [0, 1]. Moreover, due to
(3.3), (3.4), and (3.17), the flow of U satisfies

@Y (x,0,1) = ®Y (x, 1M, 1) = @Y (x, 1, 1)) = @Y (x, 71, 1)) = @Y (x,0,1) = x
(3.19)
forall x e T2, t € [0,7*],and [ € {1,...,M}.
The following two lemmas provide basic properties of the considered flows
related to U.

Lemma 3.11. Given x € T> and i € {1,..., M} such that ,u(d)U(x, 0,10 +5)) #0
or u(d)w("si") (x+S;,0,5)) # 0 are satisfied for at least one s € [0, T*], it holds

@Y (x,0,7L +1) = T S (x + 5;,0,1)
forall t € [0,T*].

Proof. By (3.16), (3.18), and (3.19) and Theorem 3.4, one has @ﬁ(z, 0,t) =z+S;
for each z in the L-neighborhood of O;. Moreover, from the definition of U in
(3.18), one can infer

Y (2,1l 47,1 +1) = OV O (=Sl ()

for all z € T and 7, € [0, T*].

Case 1. If there exists a number s € [0, 7*] such that u(cbﬁ(x, 0,1 +5)) #0,
by Lemma 3.10 this means that ®Y(x,0,#,) lies in a L-neighborhood of O. As
a consequence of Theorem 3.4, the point x then belongs to an L-neighborhood
of O;, which yields @V X))@ (=Si-)1(x 4+ §; 0, 5) € supp(u) because of

supp(u) > CI>U(x, 0, té +5)
= oY (@Y (x,0,1)), 1, 1" +5)
= d)ﬁ(x +8;, 1,10 +5)
=V XOF (=St (x 45,0, 5).
Therefore, it follows from Lemma 3.10 that /\(((I)VL[X(')?("S"")] (x+5;,0,1) =1
for all ¢t € [0,T*]. As a result, the well-posed problem ®’(t) = u*(®(t) — S;, 1)

with ®(0) = x + S; is satisfied on [0,T*] by ¢ > @7(“Si")(x +S;,0,7) and also
by 1 > @V (e (=591 (x 4 §;,0,1); thus, these two functions are equal.
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Case 2. If there exists s € [0,7*] such that u(®% =54 (x + 8;,0,5)) £ 0,
then (3.10) and (3.11) ensure that y(z) = 1 for all z from a neighborhood of
Urefo.r+1 @ €750 (x + 8;,0,1). This implies

7 (Si) (x4 §,,0,1) = @V WO (=S (4 1 5, 0,1)

for t € [0, T*]. Hence, the assertion can be concluded by analysis similar to the
previous case. |

Lemma 3.12. Let T > 0 and v: T? x [0, T] — R? sufficiently regular such that
the flow ®V is well-defined. Then, one has

@05 ) (x +5,0,1) = D' (x,0,1) + S

forall S € R? and (x,1) € T> x [0,T].

3.4 Controllability of convection along U

The goal of this section is to demonstrate approximate controllability of the
linear transport equation
&V +(U-V)V =G,

where U is defined via (3.18) and G denotes a finite-dimensional physically
localized control.

Theorem 3.13. There exists a finite-dimensional space F; consisting of smooth zero
average functions T> —s R supported in o such that the following statement holds.
Given any m € N, vy, v, € H™, and & > 0, there is a control G € L*((0, 1); F;)
such that the solution V € C°([0, 1]; H™) to

OV +(U-V)V=0G,

2
V(-,0) = v 320

satisfies

V(1) —vilm < &. (3.21)

Proof. The first step is to define a finite-dimensional and physically localized
auxiliary control, which however fails to be of zero average. In the second step,
the average is corrected. The last step will summarize how the universal space F;
arises from the foregoing constructions.
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Step 1. Auxiliary control. Let the functions v € C°([0, T*]; H™(T?;R)) and
g* € L*((0,T*); %) be obtained by Lemma 3.8 such that v solves the transport
equation (3.13) with control g* and satisfies

lo( T*) = villm < & (3.22)

Then, we define for all (x,7) € T? x [0, 1] the auxiliary control

M
Gx,1) = p(x) D Tpps iy (D8% (x = Sist = 1), (3.23)
i=1
where p with supp(u) € O C o is the cutoff from Section 3.1 and Sy,..., Sy

satisfy (3.16).

Associated with the control G, let V be the solution to 8,V + (U - V)V =G
with initial condition V (-, 0) = vp. By the method of characteristics and Duhamel’s
principle, it holds

Vix,1) = vo(®Y (x,1,0)) + / t G (@Y (x,1,5), ) ds
0

for all (x,1) € T2x [0, 1]. Now, let x € T? be arbitrary and note that CDU(x, 1,0) =x
holds due to (3.19). Therefore,

1 _
Vi(x, 1) = vp(x) +/ G(®Y(x,1,5),s)ds
0
M 1 . - )
= UO(X) + Z / #(q)U(x’ 1’ s))l[tg,tli’] (S)g*(QU(x’ 1’ S) - Si’ N tla) ds'
i=1 Y0
Again by (3.19), it follows that
_—~ M 1 T T .
Vix,1) = vp(x) + Z/,u(@U(x, 0, s))I[[tLJ;;](s)g*(QJU(x, 0,s) — Si,s—1,,)ds
i=170
L A = .
“ 00+ Y [ (@70, (@7 (1,0.5) = Sios = 1) .
i=1 Y1a
which is due to a change of variables under the integral sign equal to

T* _ . _ .
vo(x) + Z / w(®Y (x,0,5 +11))g* (DY (x,0,5 +1') = S;, 5) ds.
— Jo
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In view of Lemma 3.11, the previous expression equals

M T*
0o () + ) / p(@ 0750 (0 4.51,0,)) 8™ (@75 (x + 5,0, 5) = iy 5) ds,
i=1 Y0

and therefore Lemma 3.12 allows to infer that
~ M T —k —%
Vix,1) = vp(x) + Z/ w(®" (x,0,s) +S)g*(®" (x,0,5) +S; — S}, 5) ds.
i=1 70

Recalling that (u;);e(1,...,pmy 1s the partition of unity from Section 3.1 and that u*
satisfies (3.12), one obtains

~ M r* —x —%
V(x, 1) =v(x) + ) /0 i (O (x,0,5))g* (@ (x,0,5), 5) ds
i=1

—x T* —x
=po(®" (x,T%,0)) +/ gx(®" (x,T*,s),s)ds.
0

This demonstrates that V(x, 1) = v(x,T*), and because v satisfies (3.22), one
arrives at
IV D) = vtllm = 0 T*) = v1llm < &.

Step 2. Control with zero average. It remains to define suitable modifications
of V and G with zero average. Since V (-, 1) = v(-,T*) has zero average because v
is the function from Lemma 3.8, we introduce

p(x) [0 Vix,1) dx

Vx,t) = V(x,1) -

/Tz p(x) dx
which by construction satisfies together with the modified control
G e V(z,1) dz e V(z,1)d

G(x.1) = Glx.1) ST - Vux) (3.24)

fon@dz T LG dz

the transport equation (3.20) and the condition (3.21).

Step 3. The space ;. By Definition 2.3, Theorem 3.4, (3.9), (3.11), and (3.18),

there exist smooth universal functions Uy, ..., Usp+p, € C™ (TZ;RZ) such that
4M+D,,
Ue)= ), ui(Ui(x) (3.25)

i=1
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for coeflicients ui, ..., usp+p, € L%((0,1);R). More specifically, one has y €
Cy°((0,1); ) for an at most D ,-dimensional space #;, C C* (T?; R?); hence, we
can choose Uy, ...,Up, € C*(T%R?) so that y(x,1) = Z,»D:‘i u; (t)U; (x). Further,
by Definition 2.3, there are universal profiles @y, ..., D4 € C* (Tz; Rz) such that
the stream function 5* in (3.18) has the four-dimensional representation

¢ (6, 1) = pLODI(X) + -+ + Ga () Py (),
with coefficients ¢, ..., ¢4 € L>((0, 1); R). This provides

Upy+1 =V Ix@1(- =S, ..., Upy+a =V [x®a(- — S1)],
s Upgram =V [x@u(- — Sm)].

In a similar manner, from (3.9) it follows that there are universal functions
G1,...,Gam € C*(T%;R?) with supp(G;) € o fori € {1,...,4M} such that G
from (3.23) is with coefficients g1, . .., gan € L*>((0, 1); R) of the form

G(x,1) = ) &(NGi(x).
i=1

In order to replace G1,...,Gapn with zero average versions, we first expand G in
the following way

_ wo ) [ Gi(2) de
G(x,t) = i(1)G; ,
(x,1) Zlg (NG (x) +Z1 Lo de p(x)
where f —
—~ ~ 2 Gi(z) dz
Gi = Gi - T—
(x) (x) Y H(x)

fori € {1,...,4M}. Since the right-hand side in (3.24) and its last term both have
zero average, it follows that

4ZM: gi (1) sz Gi(z) dz 4 sz V(z,1)dz
X)) = —]——""7—
i=1 sz u(z)dz a sz u(z) dz

Plugging this into (3.24), we obtain Gi,...,Ggpp, € CO(T?;R?) with zero
average and supp(G;) Cc o fori € {1,...,8M + D} such that

H(x)

SM+D,

Glt)= > 2HGi(x)

i=1
for coefficients g1, ..., gspm+p, € L*((0,1);R). Thus, the space F, can be taken
as the span of Gy, ...,Gsp+p, - O
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Remark 3.14. The result of Theorem 3.13 remains true for states with nonzero
average, as long as one adds to #; the one-dimensional space spanned by the
smooth cutoff u from Section 3.1 (or by any other smooth nonzero average function
supported in ). Indeed, if 17y denotes the average of vy and 7; is the average
of vy, one can take 7 € C;°((0, 1); R) such that fol 7(s) ds = 1 and observe that the
solution to

O+ (U -V =¢ = %ﬂ
Tz

with initial condition v(-,0) = 7y satisfies [ v(x, 1) dx = 7. Subsequently, one
obtains a zero average control G by applying Theorem 3.13 with initial state vy — 1o
and target state v; — v(-, 1). The desired control for the nonzero average trajectory
isthen G = G + {. Notably, while this is an approximate controllability result, the
average is controlled exactly.

Remark 3.15. Let £ > 0 and B a bounded set in H™*! with v, v; € B. By Re-
mark 3.9 and the constructions in (3.23) and (3.24), the controls from Theorem 3.13
and Remark 3.14 for the modified target condition

V(- 1) = villm < €llvo = 011

can be chosen of the form G = L.(v; — vg), where L is a continuous linear
operator H™ —s L*((0,1); %).

The following auxiliary lemma, which will be used in Section 4, emphasizes
the 1-periodicity of homogeneous transportation with stretching effect along the
vector field U from (3.18).

Lemma 3.16. For each Vo € H U the solution V to the homogeneous linear
convection problem

WV+U-VYV+(XY(V)-V)VAU=0
with V(-,0) = Vy satisfies V(-, 1) = V.

Proof. Due to the definition of U in (3.18), the problem reduces to showing that
the solution V! on T? x [¢L, #1*!] to

WV + U - VWV +(Y(VH)-V)VAU=0

with initial state V! (-, %) = V; satisfies V(t/*!) =V, for each € {0, ..., M — 1}
and V € H'. This follows from a time reversibility argument and the properties
(3.4), (3.11), (3.12), (3.17), and (3.19). Indeed,

Ut +37%)2+1) = =U(-, 1L +3T* /2 - 1)
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holds for all ¢t € [0,37*/2]. Therefore, each Vl(-, t) = V(- tL+3T* /2 ~1) satisfies
in T2 x [0, 3T* /2] the equation

OV + (UG +3T*2+) - VWV + (Y (V) - V)V AU, 1L +3T*/2+) =0

with initial condition V! (-,0) = V!(-, L +3T*/2). Due to V!(-,3T*/2) = V!(-,i.) =
Vo, noting that V! (-, ¢) := V!(-, . +3T* /2 +1) and V' both solve on [0, 37*/2] the
same well-posed problem, the claim follows. |

4 The nonlinear problem

Like the 2D incompressible Navier—Stokes equations (see [21, 54, 55]), the
planar Boussinesq system (1.1) with nonzero viscosity and thermal diffusivity is
well-posed in common Sobolev space settings. We will work with the vorticity-
temperature formulation obtained from (1.1) by formally applying the operator VA
in the velocity equation.

Given T > 0 and m € N, we define the spaces X7 := ﬂ'T”‘l x AY with the
norm |[|(w, 0) || xm = ||w||ﬂ¥171 + |6 7, where

Aj = ([0, T]: HX(T*R)) N L*((0,T); H*' (T* R))
is for k € Ny equipped with
I Mk = 1 llcoo,rmx rzmyy + 11 ez co,r): i (r2m)) -

Then, for any (wy, 8g) € H™ ! x H™, (hy, hy) € L>((0,T); H" 2 x H™!) and
A € Wh2((0,T); R?), there exists a unique solution (w, §) € X7 to the Boussinesq
system in vorticity-temperature form

Ow—vAw+ (u-V)w = 0,0 + hy,
u(-,t) =Y (w, A),
00 —TAO+ (u-V)0 = hy,
w(-,0) =wpy, 6(:,0)=8p.

(4.1)

Moreover, the resolving operator for (4.1), associating with (wy, 89, 1, ha, A) the
solution (w, 8) to (4.1), is continuous and given by

St H™ ' x H™ x L*((0,T);: H" > x H™ ') x W((0,T);R?) — X},
(wo, 00, b1, ha, A) ¥— St(wo, 0o, h1, ha, A) = (w, 0).
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4.1 Proof of Theorem 1.1

To begin with, let us emphasize that the profile U from (3.18) satisfies due to
Theorem 3.4 the following controllability problem for the incompressible Euler
system in TZ x (0, 1):

U+ (U -VYU+VP=1,H,
div(U) =0, (4.2)
U(-,0)=U(-1) =0,
where
P e L*((0,1);C*(T%;R?),  H e L*((0,1); C(T%RY)),
supp(H) c @ x (0, 1).

Moreover, since U(-, 1) is a gradient in a neighborhood of T? \ ® at each time
t € [0, 1], the functions

H“':=VAH, H"“?:=-A(VAD)

satisfy
supp(H"") U supp(H"?) c o x [0, 1].

Further, we define
Us(-, 1) =6""U(,67 "),
61t .
As(r) =67 / H(x,s) dxds, (4.3)
0 T2
Hy5(,1) = 62H" (.67 ) + 67 'vH (-, 6711)

for 6 > 0 and all r € [0,8]. As U is by construction supported in (0, 1) with
respect to the time variable, it follows from (4.2) that

1
As(6) = (5_1/ / H(x,s) dxds = 0.
o Jr2

The next theorem is part of the return method argument, employed here to
relate the temperature in (4.1) at a small time ¢ = § with the solution to (3.20)
evaluated at ¢ = 1. The present situation is slightly different from that in [40,41],
but the proof follows closely the corresponding arguments from these references;
the general approach is due to [8], and we refer also to [24,38].
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Theorem 4.1. Assume that m > 2, (wg,6y) € H™ x H"(T%;,R), A € R?,
b e C®(T?x [0, 1];R?), and (hy, ho) € L*>((0,T); H" 2 x H™™ ) for some T > 0.
Moreover, denote by (vs5,7s)se(0,min{1,7}) the solutions to the linear problems
with parameter 6 € (0, min{1,T}):

s+ (U-Vvg+ (XY(vs,Bs) - VIVAU = 0195 +V A b,
895+ (U - V)05 = Ls, (4.4)
U&(”O) = Wwo, ﬁ5($0) = 690,

where

t t
Bs(1) ::A+/ / b(x,s) dxds+e2/ / 57 195(x, s) dxds
0 JT12 0 JT2

for t € [0,1] and the family ({5)se(o.min{1,7}) € L*((0,1); C*(T* R)) of forces
is chosen such that

sup |95 (-, )|l me1 = O(5) as 6 — 0. (4.5)
te[0,1]

Further, for t € |0, 6], denote

Hy5( 1) =6722s5(,67 "), bs(-1) :=6"b(-,67'7),
Ns() = As(1) + Bs(67 ).

Then, as 6 — 0, one has in H™~' x H™(T?;R) the convergence
Ss(wo, 00,y + Hy 5 +V Abs, hy + Hy 5,85) =5 — (05,67 ' 96) (-, 1) — 0,

uniformly with respect to (hy, ha) from bounded subsets of L*((0,T); H™ 2xH™1)
and (wo, 0o) from bounded subsets of € H™ x H™!(T?; R).

Proof. Given any fixed 6 € (0, min{1,7T}), we denote by (ws, Us, @) the solution
to (4.1) on [0, 6] issued from the initial state (wo, 6p), driven by (h; + H; s + V A
bs, hy + H>_s), and having the velocity average Ns. That is,

(Ws,05) = Ss(wo, 0o, hi + Hi, s +V Abs, ho+ Hy 5,85)

and Us(x,t) = Y(Ws,Ns). Then, in the limit § — 0, we study for the func-
tions W, Ugs, and © 5 an ansatz of the form

W5=w5+z(5+1’5, U5:U5+Z5+Y(r5), ®5=95+S5,
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where 75 and ss denote remainders and

25 =vs( 071, Ws=VAUs, 05:=0"9s5(,6""),
Zs = Y(z5,Bs(67")).

Since W (-, 8) = 0 in T2, the proof will be complete after the following convergence
is obtained:
IrsC, ) llm-1+ llss (-, 0)|lm — 0 as 6 — 0. (4.6)

Plugging this ansatz to the equations in (4.1), while recalling (4.2)—(4.4), the
remainder profiles are seen to satisfy in T2 x [0, ] the problem

(’)tr(; - VA}"§ + (U(s + Z(s + Y(rg)) . Vr5 + Y(r(;) . V(w(s +Z(§) = 615‘5 + 55,
8,55 - TAS5 + (U& + Z(s + Y(I"(s)) . Vs(s + Y(}"(s) . V05 = A5,
4.7)
with zero initial states r(+,0) = 55(+,0), and where

Es = VAZ§—(26‘V)Z§+h1, As =TA0s — (Zg-V)95+h2.

To underscore that all estimates are uniform with respect to initial states and
prescribed forces from bounded sets, we note that (v, 5~ '9s) remains for each
5 € (0,min{1,7T}) in a fixed bounded subset of C°([0,1]; H™ x H™*!) when
(wp, Ap) vary in a fixed bounded subset of H” x H™*!. Now, we multiply in (4.7)
with (=A)"™~!rs and (=A)™s s, respectively, followed by applications of Poincaré’s
inequality and the elliptic estimate ||[Y(#)||x < ||¢|lx-1 for k € N, where “5”
means “< C” and for a generic constant C > 0 independent of 6. For example, due
to (4.5) and because A and b are fixed, we have

A

supepo,s1 126 Co Dllm + 1Al + 1161110, 5):01 (r2m2) + 1

sup;epo,s1 126 (5 Dllm + 1.

SUPse(0,5] 1Z5Cs ) llmr

A

As a result of these steps, and by temporarily using abbreviations of the type
f = f(-, 1), we obtain

1d 2 2 2 2
5 sl oy + lssl) + Vil + wliss
2 T7 2 2
< sl (sl + W7slln) + 1Tl (17512, + s 13)
117t (10 e 151 + 15l )
2 2
+ (2ol + D781,y +115513:) + sl 551l

+1Esllm-2lrsllm + 1 Asllm-1lls s+

(4.8)
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for ¢ € [0,6]. Thanks to the continuous Sobolev embeddings H*(T?*;RY) —
L®(T%;R) and H'(T%;RY) — L*(T?%;RN), N € {1,2}, it follows that

4
m—1°

2 2
175 lm-11185 L1 llsllm < N0sllmet (rsllp_y + lss1l5),
2 -1 4 4
17 sllm-1llssllmllssllmer < @llsslleg + @ C(llrsll,_y + lIsslim)

-1 2 -1 2
I7sllm-t1llssllm <27 Irslly—y +27 llssli.

2 2 -1
Irsll_ilirsllm < allrsil, + @™ Clirsll

1Z5llm-2 < llzsllm + Nzsl|2 + A1 llm—2 + 1,

2 2
IAsIlm-1 < N0sllmer + 25l + 10515501 + l1h2]lm-1

where o > 0 is small. The idea is then to observe that integrals involving several
of the terms in (4.8) vanish when taking the limit 6 — 0. Indeed,

t 1 o
[isconmas <minfs [Circ.oomas. [isc.onol
for any f € L'((0,6); H (T?;R)) with [ > 0 and 7 € [0, §]. For instance, recalling

that 95(-,0) = 66y together with the choice of ({s5)se(0,min{1,7}) in (4.4) yield
sup;ero,s1 105 (5 Dllm+1 = O(1) as 6 — 0, we have

o
tim [ (a0l + A5 o)) dor =0,

o
lim / [T o) + Zs (o Mmar do < sup [T 5) et

s€[o,

o
| 1050y o< 67 sup [195)1Fy1 = 005) 55— 0.
s€(o0,

Therefore, an application of Gronwall’s lemma implies the existence of a constants
(Cs)se(o,min{1,7}) satisfying lims_,o Cs = 0 and

t
s DIB,-y + llss (DI, < Cs+C /0 (Irs M-y +llss (o)) dor.

Thus, the function
! 4 4
Wol0) = Co+C [ (IraC.olfy +lsaC ol dor

satisfies d¥s/dt < C ‘P% and (4.6) follows by integrating this inequality. O
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Remark 4.2. To conclude Theorem 1.1 and Corollary 1.2, we will apply The-
orem 4.1, and Corollary 4.3 below, only with b = 0, A = 0, 7 = 0, and
J2 0p(x) dx = [1261(x)dx = 0. Regarding the relevance of other choices for
these parameters, see Remark 4.7.

Let %, be obtained by adding to F; the space spanned by the smooth cutoff u
from Section 3.1.

Corollary 4.3. Let T > 0, m > 2, (wo, 0o, 01) € H™ x H™(T?;R) x H™(T%; R),
b € C°(T?> x [0,1];R?), A € R? (h1,hy) € L*>((0,T); H™ 2 x H™ ), and
7€ C7((0,1);R) with

1
/0 7(s)ds = /TZ(Gl —6y)(x) dx.

There exist ({5)se(0,min{1,T}) C LZ((O, 1);,%{), with sz ls(x,1)dx = 67(t) for
6 € (0,min{1,T}) and almost all t € [0,1], so that in H™ ' x H™(T*;R?) one
has the convergence

lim sé(wo, 0o, hi + Hi s +V A bg,
B+ 672L5(, 671 N Jims = (" 1), 61, (49)
where
bs(.t) =6 'b(-, 67, Ns(t) = As(t)+B(5 1)

fort € [0,68] and

B() :=A+/Ot/wb(x,s)dxds+e2 (/Ot/OST(;»)drdsH/Tzeo(x)dx)

for t € [0, 1], while the function P solves

80" + (U - V)P + (Y(0°,B) - V)VATU =V A b,

4.1
P (-, 0) = wp. (*+10)

The limit in (4.9) is uniform with respect to (hi, hy) from bounded subsets
of L>((0,T); H" %2 x H™ Y and (wy, 6y) from bounded subsets of € H™ x
H™1(T?;R). Furthermore, if (6y,01) € H™' x H™! and v = 0, then one
can use controls ({s)se(0,min{1,T}) C L%((0,1); F7).
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Proof. Lete > 0. If r = 0, we apply Theorem 3.13 for each p € (0, min{1, T}) with
initial state pfy and target state p6;. In view of Remark 3.15, this provides controls
(£p)pe(0,min{1,T}) € L?((0,1); %;) such that the solution ¥, to the transport
equation

80, + (U - V)0, = ¢,
with initial condition 9, (-, 0) = pfy satisfies
195(-, 1) = pbhllm < &p. (4.11)

If some values of T are nonzero, we use the version of Theorem 3.13 described in
Remark 3.14, which leads instead to controls ({,)pe(0,min{1,7}) € L%((0,1); F,).
According to Remark 3.15, the family ({,)pec(0,min{1,7}) can be fixed such that

ol 2¢(0.1):m) = O(p) as p — 0.

Now, we define for p € (0, min{1,7}) the function v, as the solution to
v, +T - Vo, + (Y(vp, B)- v) (VAT) =19, +VAD
with initial condition v, (-, 0) = wy. Basic estimates and Remark 3.15 imply

s[up] 180 (» Ollms1 + 105 (- 1) = 0", Dl = 6(p) as p — 0.
te[0,1

Thus, by combining Theorem 4.1 and (4.11), there exists 69 = dp(&) > 0 such that
one has for all § € (0, §g) the estimate

(ws,0s) (-, 6) — (W7 (-, D), 00 | gm-1xpm(m2r2) < &,
where
(ws, 0s) = Sa(wo, 0o, i+ Hy5+V Abs,ha +672L5(-,67 1), Na)-
o

Theorem 1.1 follows now from the choice of controls ({s)se(0,min{1,7}) C
L*((0,1); %) made via Corollary 4.3 for wo =V Aug, hy =V A f,hy=g,b =0,
A=0,7=0, and [ 6p(x) dx = [z 61 (x) dx = 0. Indeed, Lemma 3.16 implies in
this case that v?(-, 1) = wy for the solution v” to (4.10). Moreover, the solution
to (1.1) driven by the controls

ECt)=6"2H(-, 67 ') =6 'AU(-, 67 "),
77(',[) = 6_2§5("6_1t)
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is for ¢ € [0, 6] given by (us,80s), where us = Y (wgs, As) is the velocity associated
with (ws, 85) = Ss(wo, 60, Hi,5,ho + 6 22s5(-,67"), As). Since As(5) = 0, the
approximate controllability of u s follows from Corollary 4.3 by using the elliptic
estimate

lus(-,0) = uollm < llws(-,6) —wollm-1-

The space F; in Theorem 1.1 can be taken as the (D, + 8 M)-dimensional
one from Theorem 3.13, recalling that D, is fixed in terms of the universal
choice of y via Theorem 3.4. Regarding the space &, from Theorem 3.4 and the
representation U (x, ) = Zg’J’D‘“ ui (1)U;(x) in (3.25), we know that 1 — U(-, 1)
and t — AU(-,t) can be chosen as curves in possibly different but at most
(4M + D,,)-dimensional spaces. Moreover, for ¢ satisfying 8,U + (U - V)U = Vgq
in a neighborhood of T2 \ @, we can take P = —(1 — y)g, with y from Section 3.1,
and fix H = 6,U + (U - V)U + VP. Therefore, the dimension of %, can be kept
below or equal to

(4M + D,)*> —4M — D,

D, =12M + 3D, + > )

where the contribution

(4M + D,)* —4M - D,

4M + Dy + 5

to the above sum arises from grouping the nonlinear term

AM+D,,

D wiUi(x)

i=1

D w®Uix) -V

(4M +D,
i=1

with respect to the common factors u; (¢)u;(t) and u;(¢)u;(t) = u;(t)u;(¢) with
i,j,l€{l,...,4M + D} and [ # j. The pressure P does not add any dimensions
as one may group profiles with respect to common control coefficients in the
representation of H. Summarized, plugging (3.25) into (4.2) yields

Dy,
Hx, 1)+ AU(x,1) = > wi()Wi(x),
i=1

for coefficients wy, ..., wp, € L?((0, 1);R) and universal profiles Wy, ..., Wp, €
C*(T?;R?) supported in ®.

Remark 4.4. In this remark, we assume that T? \ ® is simply-connected and
that ® contains a closed square of length L. Then, instead of using the proof of
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Theorem 3.4, one can define the profile y appearing in (3.18) as a function only
of time (c.f. Remark 3.6); in that case, D, = 2. If 27/L is an integer, one may
slightly increase L so that the resulting closed square of side-length L is still
contained in ®. Subsequently, an open covering by M = [2r/L]* overlapping
squares of side-length L can be defined with the properties required in Section 3.1.
See also Example 3.1 for a concrete definition of such a covering. Moreover,
due to (3.18) and the constant-in-space choice of y, the profile H from (4.2) can
be taken as a curve in an explicitly constructed (2 + 14M + 8 M?)-dimensional
space. Since Ay = 0 for spatially constant y, the function AU(-,¢) belongs for each
t € [0, 1] to a 4M-dimensional space. As a result, we can choose %, of dimension
2+ 18[27/L)? + 8[27/L]* and %, of dimension 2 + 8[27/L]?. See Section 1.4
for an explicit list of functions that span these spaces.

4.2 Proof of Corollary 1.2

This section briefly recalls a strategy from [40], rendering Corollary 1.2 as a
consequence of Theorem 1.1. Hereto, let m € N, which corresponds to £ > 2 in
Corollary 1.2. If k € {0, 1}, the statement follows from a density argument, as one
can approximate the target states by smooth functions.

Step 1. Stability

Due to the well-posedness of (4.1) in the considered spaces, there exists a
small time o > 0 such that for each § € [0,0] and (a,b) € H™ x H™! with
l(a, b) = (wo, 61) || gym  gm+1 < €/2, one has

1S5(a, b,V A F(T=6+:),8(T =6 +:),0)|i=5 = (wo, )| gmxcpgms1 < &.

Step 2. Regularization

On a time interval [0, T — 6], where 6y € (0, o] will be selected below and o is
the number from the previous step, all controls are set to zero. Then, the smoothing
effects of the considered viscous and thermally diffusive Boussinesq system imply
that the solution (u, #) to (1.1) in the Leray-Hopf class, with initial data (u, 89)
and forces (f, g), belongs to the space

CY((0,T — 80]; H™ (T%; R?) x H™) N L*((0,T — 60); H™?(T?;R?) x H™?).

As a result, one has
(u,0)(-,1) € Y2 g2
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for almost all ¢ € (0,7 — 6p), which implies
(@0, 00) = (V Au,0) (-, T — 60) € H™' x H™?

for a well-chosen 8y € (0, o], which is fixed from now on. We refer also to
[6,53-55] regarding Leray-Hopf type solutions and smoothing effects, presented
for the more challenging case of domains with boundaries. Moreover, since the
goal is to prove approximate controllability, we can without loss of generality
assume that the targets u; and 8, are smooth.

Step 3. Control strategy

As the following mechanism is known from [40], we simplify here the presen-
tation by assuming f = g = 0 in (1.1). Moreover, for the resolving operator S of
(4.1) with time T > 0, we abbreviate S7(-,-) = S7(-,-,0,0,0). The next theorem
states two scaling limits from [40]. Similar results have been obtained in [5] for
the primitive equations.

Theorem 4.5. [40, Theorem 3.4] Let k € N, T, zero average q € C* (TZ; R), and
(wo, @) € H' x H**2. Further, denote by I1,(w, 8) := w the projection to the
vorticity component of a solution (w, 0) to (4.1). Then, as 6 —> 0, the limits
IS5 (wo, 00 — 6" q)li=s —> wo — B4, (4.12)
Ss(wo+6712¢,00)li=5 ~ (67'2¢.0) — (wo = (Y(q) - V)g.60) ~ (4.13)

hold in H* and H* x H**!, respectively.

Remark 4.6. Lets us briefly describe the idea employed in [40] for proving
Theorem 4.5. Regarding (4.12), the following ansatz is made as § — 0:

Ss(wo, 80 =67 q) (x, 1) + (0,6 ' g(x)) =

B 67 1101q(x)
6~ lttAg(x) + 67 '1(Qs(x,1) - V)g(x)

wo (x)
o (x)

+Rs(x,1),

where Rs(x, ) denotes a supposedly small remainder term and

-1
Qﬂmo:x(m—é f”)u>

for (x,) € T? x [0, §]. Via energy estimates for the equation satisfied by Ry, it is
seen that R5(-, 8) vanishes in H* x H**! as § —s 0. Concerning (4.13), the ansatz
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used in [40] is of the form

Ss(wo+612q,60)(x,1) - (6 %q(x),0) =

[wo(X)] _ [5‘1f (Y(q)(x) - V) q(x) = 67 tvAq(x)

90()6) 0 +R5(X,I)

for (x,1) € T? x [0, 8]. Also in this case, the remainder Rs(, ) is seen to vanish
in H* x H**! as 6 — 0.

The convergence results of Theorem 4.5 will be combined with the fact that &
from (1.4) contains =+ sin(x - n) and =+ cos(x - n) for all n € Z? \ {0}. Let us recall
that

& ={q0+(X(q1)-V)q1+(Y(q2) - V) 42 | 90-91.42 € spang &},

where & collects all functions sin(x - n) and cos(x - n) for n € NxNj. In particular,
there exists an integer N > 0 and

40,41, ---,qan € spang &y, Q0, 01, . ..,0an € CZ(T%R)

such that .
W1 = willm < 3 (4.14)
where
2N
Wi =wo—qo— Z(Y(qz‘) -V)gi
i=1
and

q0=01Qo0, q1=0101, ..., qan=0102N.

Starting a trajectory at time Tp = T — & from the state (wy, 50), the following
steps 1)-iv) demonstrate how the vorticity in the Boussinesq system (4.1) can be
steered faster than (7' —Tp) /(10N + 1), and up to any small error € > 0 with respect
to the H"-norm, to the value

wo —qo — (Y(q1) - V)q1.

Thanks to (4.14), by repeating the below argument (2N — 1)-times and choosing &,
one can build a piece-wise (in time) defined trajectory so that the associated
vorticity reaches Wy in H™ up to any prescribed error £. After a final application
of Corollary 4.3 to steer the temperature in H™*! as close to 6; as required, the
proof is complete.
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i) For any &; > 0, we take 0 < 83 < (T —Tp)/(10N + 1) so small that (4.13)
implies

1S54 (@0 = 65 241,8) =, = (@0 = 871 = (Y(q1) - V)41, O) g < 1,

where © denotes a fixed element of H™*! (e.g., choose 0= 0).

ii) We apply (4.12) and Corollary 4.3, the latter with target temperature ®, in
order to fix a small 0 < 62 < (T —Tp)/(10N + 1) of the form 6, = 62,1 + 522 and
a control £ € L%((0,1); %) such that

ST (= 7 -1 ¢-1/2
”S(s'; (S52 (w09 90_62’163 Q1)|t252)|t:53
= @0 - 652q1 = (X(@1) - V)1, O) | mscgmss < &1,

denoting

§52(A, B) = S52 (A, B’ I[[52'1,52,2]H1,52,2(', t T 62,1),

62_,22I[l52,1,52,2140(" 62_12( - 52,1))’Hl5z,1,52,2JA52,2(' - 62’1)) )

iii) By an application of Corollary 4.3 with target temperature 6y — 05 1163_ 1 2Q1,
we fix ¢! € L?((0,1); %) and 61 < (T — Ty)/ (10N + 1) so small that

”Séz (3752 (S(51 (a;()s 50’ H1,5196]_2{1('9 6]_1')’A61)|t261)|l‘:62)|l‘=(53
—~ -1/2 ~
— (o - 65 2q1 = (X(q1) - V)q1, O) | gpmsegmen < €1

Now, for any given € > 0, we select the number £; > 0 used in the steps above
(hence, we fix a choice of §; = 61(d2,83), 92 = 62(d3), and §3) and determine
0 <65 < (T —To)/(10N + 1) via (4.12) such that

T, S 5 (wo ~67"2q1 = (X(q1) - V)q1,65 (5501 - QO))|z:55
= (wo — g0 = (Y(q1) - V)qD|| gmxpmn <&.

iv) By applying again Corollary 4.3, we select 0 < 64 < (T —Tp)/(10N + 1)
and ¢% € L?((0, 1); %) such that

TS (S, (S5 Hr oo #07223C, 65 1), s, iz iy

— (@0 = g0 = (Y(q1) - V)1, ©) | ppmycyme1 < E,
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where
" T ~ = 20, -1
S3:=Ss, (562 (Sal (w0,90,H1,61,51 (-0 ')sAél)lt:61)|t:62)|t:63-

The so-obtained controls for the velocity and temperature are zero on the union of
time intervals

[To +01,To+ 01 +52’1] s

4 5
To+;(5l,To+;(sl],

while assuming possibly nonzero values in the respective spaces &, and F; on
the union of the time intervals

3
T()+51 +52,TQ+Z51
1=1

>

[To0,To+ 611, [To+01+02,1,To+061+062],

3 4
T0+;61,To+;6l .

Remark 4.7. The proof of Corollary 1.2 extends to initial- and target states with
nonzero average. Hereto, one has to add two short average control stages at the
beginning and at the end of “Step 3. Control strategy”. To illustrate this, let us
observe that the velocity and temperature averages of solutions to (1.1) (with body
forces of zero average) behave formally like

/u(x,t) dx:/ uo(x) dx+/t/ Q(x,s)ezdxds+/t/§(x,s) dxds,
T2 T2 0 Jr2 0 Jo

/]rz 0(x,t)dx = [Ez 6o(x) dx +‘/0 /mn(x, s) dxds
fort € [0,T].

To begin with, suppose that uo and u; are of average Ag = (Ao,1, Ao2) € RZ and
A1 =(A11,A12) € R?, respectively. Further, assume that the averages of 6y and 6
are 79 € R and 71 € R, respectively. Then, fix two vector fields «, 4 € C* (TZ; Rz)
with supp(«) U supp(#) C ® and

/ a(x)dx = (1,0), / Z(x)dx =1(0,1).
T2 T2

45



Moreover, choose profiles A¢.1, 40,2, 41,1, 1,2, 70,71 € C(‘)X’((O, 1);R) such that

| |
/ Ao,1(s) ds = =Ao,1, / A1(s)ds = Ay q,
0 0

1 1 1 pt
/ ro(s) ds = —71y, / Ao2(s) ds +/ / ro(s) dsdt = —Aop 2 — 70,
0 0 o Jo
1 1 1 pt
/ ri(s)ds =1, / A12(s)ds + / / ri(s)dsdt = A
0 0 o Jo

Now, the above proof of Corollary 1.2 is adapted as described in the following
points.

1) Since the arguments in “Step 1. Stability” and “Step 2. Regularization”
likewise work for initial data with nonzero average, no significant changes are made
there: the velocity and temperature equations with zero average body forces and
zero controls preserve the averages of the initial data until the time T — dy.

2) Before starting with “Step 3. Control strategy”, we apply Corollary 4.3
with b = Ap,1@ + o286, A = Ag, T = rg, and zero target temperature. Notably, the
velocity and temperature averages are steered exactly to zero by this preliminary
application of Corollary 4.3; see also Remark 3.14.

3) The original target vorticity w; in “Step 3. Control strategy” is replaced
by wa, = vp(+,0), where v;, solves backwards in time the problem (4.10) with
prescribed endpoint v?(-,1) =w; and b = Ar1¢ + A1 28.

4) At the end of “Step 3”, we insert another application Corollary 4.3, now
with b = 111 + 4128, A =0, T = ry, zero initial temperature average, and desired
target temperature.
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